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Abstract
We prove some fixed point theorems using Hardy Roger type contraction in the
setting of b-metric as well as partial b-metric spaces in order to find the existence
and uniqueness of the common fixed point. We also provide examples to illustrate
the existence of fixed point and its uniqueness.
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1. Introduction

Fixed point theory is the most important and unique instrument in the field of Science,
Engineering and Technological World. The method of fixed point theory is used in
analysis from 20" Century onwards. It was introduced by Joseph Liouville in 1837
and by Charles Emile Picard in 1890 based on the method of successive
approximations and it is relevant in finding the existence of solutions in differential
equations.

The pioneering work of Classical Theory was given by Stephan Banach which was
established in 1922. In point of the historical view, there are some Mathematicians
who completed the results in Fixed Point Theory, they are L.E.T. Brower, W.A. Kirk,
Silms, Granas and Dugundiji.

The concept of b — metric space was introduced by Bakhtin in 1989. Further it was
worked out and expanded by Czerwik in 1993. Making use of their results as better
tools, many scholars derived some renowned Banach fixed point theorems in the b -
metric spaces and partial b-metric spaces. The partial b-metric was introduced by
O’Neill and it is also known as dualistic partial metric space.
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2. Preliminaries
Definition 2.1: [11]

Let x;, be a non-empty set and g, = 1 be a given real number and also the
mapping dp,_: Xp X Xp = R* (R*stands for non-negative real) when it satisfies
following conditions ,

for all gy, ip, kp € xp,

o dp (gpip) =0if and only if g, = iy,
o dy (gp ip) = (ip, Gp)-
o dy (gnkp) < qp [dbm(gb: ip) + (ip, kp)]
The pair ( Xb> dbm) is called b- metric space.
It is the extension of usual metric space.
Definition 2.2: [8]
Let @ be the non-empty set and p,,: @5 X &5 — [0,0) be a mapping, then the
following conditions are satisfied, for all 7, @,y € & :
* 7=¢ @ pp(T,7) = pm(Q, @) = pm (T, @);
Pm(T,T) < (T, 9);
Pm(T, @) = P (@, 1);

Pm(T, @) < P (T V)+ (¥, @) — P (¥, ¥)
In which the pair (@, p,,) is called as partial metric space.

Definition 2.3: [12]

Let x; be a non-empty set and q,, = 1 be a given real number and ( Xb» pbm)

be a partial b-metric space when it fulfills the following conditions for all gy, i}, kj €
Ab»
> gp =1y ifand onlyif p,_ (g, 9p) = Pb,,(Gbs b)) = Pb,, (ip, ip);
> Db, (b, Ib) < Db, (G, 1p):
> Db, (b ip) = Db, (i, Ib);
> Db, (b ip) < qp [Pbm(gb' kp) + oy, (kpip) — pbm(kb,kb)]
This is known as partial b- metric space.
The number g, = 1 is the coef ficient of ()(b,pbm).
Definition 2.4: [12]
Let y, be a non-empty set and q, = 1 be a given real number and
()(b, Db, qb) be a partial b-metric space. g, be any sequence in x;, and g, €
Xp, then,
» The sequence { gbn} is said to be convergent if it converges to
gp if lim,_ pbm( gbn,gb) exists and is finite.
» The { gbn} segeuence is said to be Cauchy sequence in ()(b, Db, qb) if

limy, 1,0 dbm( by, gbm) exists and finite.
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> ( XbsPb,s qb) is called as complete partial b-metric space if for all
Cauchy Sequence g, in x;, and there exists
9p € xp such that,

lim dy, (b, 9p,) = lim py_( b, 9b) =Db,,(Gb, Ib)-
n—oo

n,m-ow
We should remember that limit of the convergent sequence may not be unique.
Definition 2.5: [5]

Given a metric space (®; dj), the mapping Tp,: @5 = Ps is said to be an interpolative
Kannan contraction mapping if,

(TG » T XIS 15 (A Gons T, )T~ (s T Gm)
Then it is called Interpolative Kannan type Contracrion.
Definition 2.6: [7]
Let (®;,dp,) be a complete metric space. We can say that the self — mapping T}, : &5 —
&, is an interpolative Hardy Rogers type contraction if there exists ns € [0,1)
and7,0,p € (0,1) with T + 0 +p < 1,such that,
db(Tmem ’ Tbm Xm)

< s | (dy @G t))” - o o T, o)) - iy G T, 1)) |
(Y5 [y (G Toppdtm) + db (s Topn ) D707, (D)
For all {p,, Xm € ¢s\Fix(Tp,).

Main Results
3. Fixed Point theorems with the Contraction on b-Metric Spaces and Partial b-
Metric Spaces

We begin the chapter by giving the notion of
Interpolative Hardy — Rogers type contractions.
Definition: 3.1
Let (&5 d),) be a metric space. We can say that the self — mapping Tp,: D5 =
& is an interpolative Hardy Rogers type contraction if there exists ns € [0,1)
andt,0,p € (0,1) witht +0 +p < 1,suchthat,
dp(Tp,,Sm » Ty, Xm)

< s | (Ao G )" (o T o))" - (A s T ) |
'(1/2 [dy (S Ty, Xm) + dp(Xm» Tbmfm)])l_fr_a’_p’ (2)
For all {, ¥m € ds\Fix(Tp,,).
Theorem 3.2
Let (&g dp) a complete b-metric space, q, = 1 be a real number and T, be an
interpolative Hardy Rogers type contraction. Then T}, has a unique fixed point in &.
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Proof:
Given,

Let (®5dp) be a complete b-metric space and Tj, ~be an interpolative type
contraction.
To prove,

T}, has a fixed point in ¢; .

As we start from {p, € ¢, considering {{y, }, given as

$my, = Tbm"(fm ,) for each positive integer n.

If there exists n, such that ¢y, =Gy, 11, thendy, is a fixed point of T, .

Let us assume that{y, # {p, 44 forall n = 0.

By substituting the values =y, and yp,= (p,,_, in the notion of interpolative

Hardy- Rogers type contraction,
db(Tmem ’ Tbm Xm)

< 0 [(dy G ) (@ G T ) - (i Gt T )

(/2[5 (G Totm) + o G Ty Gn) D772 3)
We shall consider =0y, » Xm= {m, -1, and we get,

db((mn+1r (mn)
= db(Tbmfmn ’Tbm Zmn—l)

< ns[db((mn: (mn—l)]cr '[db({mn:Tmemn)]T ' [db(zmn—l' Tbm{mn—l)]p

. [1/2 (db ((mn’ Tmemn—1) + db ((mn_l, Tbm(mn))]l_r —0—=p

IA

1l G D] [ (G G )] [ (Gt G )]

' [1/2 (db ((mn: cmn) + db (Zmn—l' (mn+1))]1_r o
Since, dj, (Cmn, Zmn) =0, we have,

< 15[y @ o D1 [ G G s )]+ [ o1 G )]
Y LYAC N (AR )
< ns[db(fmnj {mn—l)]Cr '[db(cmn'Zm,ﬁl)]T ' [db((mn—l'zmn)]p

. [1/2 (db ({mn_l' (mn) + db (Zmn, (mn+1))]1_‘[ —o-p (
Supposing that,

3)

dp ({mn_l, (mn) <d, ((mn, (mn+1) for some n > 1, thus we get the result as,

1/2 (db ((mn—b(mn) + db ({mn' Zmn+1)) < db (Zmnf(m,ﬁl)

So, the inequality (2) can be written as,
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< 15 [ Gy S ]” [ G G )T~ [ o Gom) ]
[Y/2 (@b (Gmy1 Gmy) + db(Gmys Gongr1))]
[Y/2 (@ (Gmp-1, Gmy) + db(Gmys Gomgr1))]
dy (Smpr Sm+1)
< 15[ Gy Grmp)]” [0 o G )] [ Gom-1:Gmy )]
(b (S Smn 1]~ [db (Gomps Sy 1))

[y G St D] 7 < [y G Gmy-0)]” 7oV mZ 1 &)
Now we can conclude that,

[db G Smp-10 Cmn)] > [db ({mn, (mn+1))], This is contradiction to the assumption that
we had considered already.

1—(T'+a,+p,)

Y
-T—0—-p

Hence we derive as the conclusion that,
[db ((mn: (mn+1))] = [db (Zmn—li (mn)]a vn=1
Thus,
[db (Cmn_l, (mn)] is a non — increasing sequence with positive terms.
The set we have,
Y = 111112) dp (Zmn—l,Zmn)
So, we get,
11/ (s (Gmp-1 Gmn) + db(Goms Gyt D] < A (Gonp=1 Gy ) ¥V 2 1
So, the inequality (2) can be changed as
dp (Cmnr (mn+1) < s [db (Zmn' Zmn—l)]a ’ [db ((mn' (mn+1)]T ’

[ (G-, Gma)]” [ (G-, )]

[db ((mn’ (mn—l))]_‘[ P

1-7 1-7’
db ((mnr {mn+1) S nS [db ({mn—ll {mn)] ,V n 2 1 (5)
Now we shall reduce the equation as follows. Hence we derive it as,

db ((mn' {mn+1) < 77s[db ({mn—b{mn)]
< nsz[db (Zmn—Z: Zmn—l)]
< 7753[db ((mn—3» {mn—z)]

db ((mn' Zmn+1) < 77sn[db ((mn—nr(mn—(n+1))]

db ((mn' {mn+1) < 77sn[db ((mof (ml)]
From the assumption we derived as n < 1 by taking n — oo the inequality (4),
We shall derive that ¢ = 0,
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It follows that we can prove that {Cmn} is a Cauchy sequence by deriving with the
standard tools.

Starting with the triangle inequality we receive the following estimation, making use
of the following standard results based on the inequality of complete b — metric space.
Let g, = 1 be the coefficient. Considering in the following equations we get,

db (Cmn' Cmn+r) < QD[(db ((mnr(m,ﬁl) + db ((mn+1'5mn+r))]

db (Zmn+1' (mn+2)

< dp (db(cmn' (mn+1) + b +qb[db({ +2 ( + ))]

< deb((mn; (mn+1) + qzbdb (Zmn+1: {mn+2) + q3bdb(<mn+2:{mn+3)
+ .. qrbdb(qmn+r—1:€mn+r)

< deb(Cmn: (mn+1) + qzbdb (Zmn+1: (mn+2) + q3bdb((mn+2'(mn+3)
+ ...t qrbdb((mn+r—1'6mn+r)

< qp1s"dp (Smgs Smy) + @*05™ Ay (Gmgr Smy ) + @05™ 2, db (G Sy )
+ ™y (Gngs Smy )

< @p0s™dp (Smgs Smy {1 + apns + @p?0s2 + -+ qp" 0" 1

< Qbrlsndb((mo' (ml) {1 - Qn}_l
(Since (1 —x)1=14+x+x%.... )

< qbns"db (Zmo’ (ml) (L)

1- dpNs
db (Cmnr (mn+r) < (1q—bq—n;ns) db ((mo' (ml) (7)

So,{(mn} is a Cauchy sequence in the complete b-metric space (¢, d},) and so, there
exists {;,, € @, such that lim,,_,, dj, (Cmn, {m) =0

Supposing that {;,, # T,  {, for each n = 0, by letting ¢, =, and y, in (1)

Thus we get,

dp(Cmyeyr Toy, Smy) = Ao (To,, Cmys Toy Sm )

<1 [db ((mnr (m)]a ) [db ((mn: Tbm(mn)]rr ) [db ((m' Tmem)]p’

. [(db (ms Tbm{m))] + [(db (Cm,Tbm(mn))]_r'_al_pl(g)
Let n — oo, in the inequality (7) we conclude that (db((m,Tbm(m)) = 0 which

contradicts our assumption.
Thus, Ty, {m = (i
Now let us prove its uniqueness.

If Cm' be any fixed point of Tj, = such that and apply it in equation (8),
We consider dp({m, $m ) = dp (To, Tm T, S )
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< 05y o T )] [ (G T )] -

[ Toon N (@G T )]+ [(oGon Ton&n))|
As n — oo in this inequality, d}, (Cm , Tbm(m) =0,
It’s a contradiction so we get,
Tbm(m = Zm,
Therefore, m = O
Hence proved.
4. We can now derive the analog of the main theorem in the setting of Complete
Partial b-Metric Spaces.
As we begin we shall have the lemma which is used in the following theorem.
Lemma 4.1:
Let p, be a complete partial b-metric on a non-empty set @5 and ¢,, be the

corresponding standard metric space on the same set @ then,

= A sequence {‘I’pn} is the fundamental in the framework of a partial b-metric
(Cbs,pb), if and only if it is a fundamental sequence in the setting of the
corresponding standard metric space (CDS, ®p b)

= A partial b-metric space(cps,pb) is complete if and only if the corresponding
standard metric space (Cbs,gapb) is complete.
Moreover,
iMoo @, (s ¥p,) =0 Dy (¥, ¥p) = limysoo piy (¥ ¥p,,)

= lim p, (¥, l’Upm)

n,m—oo

» If ¥, — tasn — ooina partial b-metric space ((Dslpb) with

pp (T, T) =0, then we have,

lim,, ., pp (’Ppn,pp) =pp (T, pp) for every p, € &5’
So according to this Lemma, the sequence {’Ppn} is the fundamental sequence in the
standard metric (cbs,gop b).

Because, (CDS,pb) is complete, (Cbs,gopb) is also complete.

Theorem: 4.2
Let (@5 pp) be a complete partial b-metric space with coefficient s, = 1.
Let, Tp,:®, » @, be a given mapping. Suppose there exists m € [0,1) and
7,0,p €(0,1)witht +0 +p < 1,such that,
Po(Tp,, ¥y » Tp,, 9p)

< 1| (00(#,8,))” - 0oy Ty 807 (0 By Ty 8,007 |
(/2 [Po (¥, T 8p) + 26 (8, Ty, Fp) D77 7 (12)
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For all ¥,, 9, € ¢p;\Fix(Tp, ).
Proof:

For any ¥, € (&g pp), we form a sequence {'Ppn} by ¥, = T"pm(¥p,) for each
n€ N.

If there exists ny such that ¥, =%,
no

Prosy” then ¥, ~isa fixed point of Ty, .

So the proof gets completed.
So, now we shall assume that, ¥, = Y for eachn = 0.

Through submitting the values of ¥, = ¥, and 9, =¥, _ in(12),

n—-1

So we get as ,
pb(lppn+1’ lppn)
= pb(Tbmlppn 4 Tbm lppn—l)

= n [pb(lppn 4 lppn—l )]G ' [pb (lppn ’Tbmlppn )]T ' [pb (lppn—l’Tbmlppn_l)]p
let'—0'—p'
' [1/2 (pb (lppn’ Tbmlppn_l) + Pp (qun_l’ Tbmlypn))] o
< 7 [ps (¥, lppn—l)]a oo (¥ ’]Upn+1)]r oo (Ppp-1, lPpn)]p

1-t'—=o'—p’
) [1/2 (pb (lppn’ lppn) + Ppb (lppn_l' lypn+1))]
Since, py, (’Ppn, ’Ppn) =0, we have,

= n [pb(llupn’ llupn_l)]o- ' [pb (lppn’ lppn+1)]r ’ [pb (lppn_l’ lppn)]p
1—1:'—0'—p'
) [1/2 (pb (lppn_l’ lppn+1))]

=7 [pb(wpn'wpn—l)]o ' [pb(qun'qunﬂ)]r : [pb(l‘upn—l' q]pn)]p
1-t'—o'—p’

' [1/2 (pb(lppn’ lppn_l) + Pb (lppn+1’ qun))] (13)
Supposing that,

[pb(l’upn—ll l‘Upn)] = [pb("upn' Pon ]
So the inequality (13) becomes as,

[Po (P P <1105 (%o P )
This is contradiction since we have considered that n< 1.

Hence we derive as the conclusion that,

[pb(q]pn’ q]pn+1))] = [pb (l‘Upn—l' lppn)]’ vn =1

Thus,

[pb(ll’pn_l, 'Ppn)] is a non — increasing sequence with positive terms.
The set we have,

[Y/2 @p (Yot W) + 25 (For oo D] < 26 (Ppo1, ¥, ) VR 2 1
So, the inequality (12) can be changed as
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pb( Pn+1) , ,
=7 [pb(l‘upn' lppn—l)]a ' [pb("up pn+1)] [pb(lppn—ll l‘Upn)]p
) [pb(qun—l' lppn)] ) [pb (lppn’ qun_l))] e -

1-7'
pb(lpp pn+1) =7 [T’b (lppn—l’ qun)] ynz=1 (14)
So , there exists a non negative constant m such that,
lim,,_,., pb(llfpn_l,ll’pn) = m. Here m = 0.

So, we get in the inequality (14) as,

Db (Pos Ponss) < 17 [P0 (Ppn-1, ¥,
=< nz)’ [pb( Pn—2’ l117711_1)]
=< r]3y [pb (lppn_3’ lppn_z)]

Db (P Ppnan) < 1" [P (Ppp-rv ¥pn-nin) |

P (Yo Ponsn) < 17 (26 (P %, )] (15)

Sincen, y < 1we have 77 =n¥ < 1.

Thus letting n — o in (15), we derive thatm = 0

It follows that, we can prove that {‘Ppn} is a fundamental Cauchy sequence by
deriving with the standard tools.

Starting with the triangle inequality of the partial b-metric spaces, we receive the

following estimation, making use of the following standard results based on the
inequality of complete partial b — metric space.

Let q, = 1 be the coefficient. Considering in the following equations we get,

pb(l’Up pn+r) = Sb[(pb( pn+1) +p(¥ Pn+1’ pn+r))]

<
Sb [('Pb( o Pones) +
Sp [pb( Pn+1’ Pn+2) + Sb [pb( Pn+2’ Pn+r))]”

= prb( Pn+1) + Sp pb( Pn+1’ Pn+2) + Sp pb( Pn+2’l’Upn+3) +

+Sp pb( Pn+r- 1’lppn+r)

< 555 (Ponr Ponsa) T b Pb( onsr Ponsa)
+ Sp pb( Pn+2’ Pn+3) + S pb( Pntr- 1'llUPn+r)
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< Sbﬁnpb (lppo' qul) + szﬁn-l-lbpb (lppo' lplh)
+ Sb3ﬁn+2bpb (lPPo’ l‘Upl) +eet Sbrﬁmr—lpb(l‘upo' I‘Um)
< Sbﬁnpb(llypo, llupl){l + Sbﬁ + szﬁz + -+ Sbr_lﬁr_l}
-1
< $,7"Ps (P W) {1 = 1, }
(Since (1 —x)"1=1+x+x2%....)

o 1
= SpT] pb(lppo'qul) (1 _ Sbﬁ>

Pp (lppn' lppn+r) = ( S )pb (l‘upo' 'Ppl) (17)

1-spf]

The sequence {‘Ppn} is the fundamental sequence in (@ py), as n — o

So according to the Lemma, the sequence {‘Ppn} is the fundamental sequence in the
standard metric (Cbs,gop b).

Because, ((Ds,pb) is complete, (Cbs,gopb) is also complete.

So there exists, ¥, € @ such that,

Po( ¥y, W) = limy 0y (¥pr ¥y,)) = liMp s D (¥, ¥,,) = 0 (18)

Thus we get,

iMoo, 9, (Wpr ¥, ) =0 (19)

Now we shall show that the limit ¥, of the iterative sequence {‘Ppn} is a fixed point
of the mapping T}, .

Taking it as the assumption is that we get,

¥y # Tp,, ¥p

So that we derive it as,

Py ( ¥, Tbml‘up) >0

We know that, Y, * Tp,, P foreachn = 0, as we let Y, =%, in (12) we get
that,

pb( Yp+1s Tbmwp) = pb(Tbmen'Tbmwp)

= Us[Pb (an'wp)]a ) [pb(lppn’Tbmlppn)]T ' [pb (Wp’Tbme)]p

(20)

1—‘[,—Jr—p,

1
30T, + a1, 5|

=1s [pb (lppn’ q]pn)]a ) [pb(q]pn’ q]pn+1)]r ' [pb ((‘UP' TmeIIp)]p '
1—T'—0’—p’

1
[E [pb (lppn’ Tbmq]p) + Py ((Pp, Tbmlppn)]] (21)
As n — o in the inequality (21) we can find that ,

pb(lppJ Tbmqu) =0
So, ¥, =T, ¥,
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Which contradicts our assumption, so, we find that,
Ty, ¥y = ¥p.
Hence the theorem.
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