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Abstract 

In this paper, we define a new class of generalized contractive condition for 

proving some common fixed point results for four mappings satisfying in 

complete S-metric spaces. Our results generalize and unify some results in the 

recent literature and illustrate the unique common fixed point of four self-maps 

through some example. 
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1. Introduction and Preliminaries 

Banach’s contraction principle is most important results in theory of fixed point.  

With this concept many mathematicians introduced various metric spaces like b- 

metric, G-metric, D-metric etc., In addition to that Sedghi[1] introduced the S-

metric space and some fixed point theorems on it. He also introduced the 𝑫∗ metric 

space from the D-metric space. Currently fixed point theory attracts many 

researchers to discover various results on it. S-metric space is further extended by 

K. Prudhvi, Animesh Gupta and so on. Many authours [2,3,4,5]  define compatible 

mappings  to prove the unique common fixed point in S-metric spaces. 

Definition 1.1: 

Let 𝓙 be a nonempty set. An S-metric space is a function 𝑆: 𝒥3 → [0, ∞] that satisfies the following conditions for all 𝑟, 𝑠, 𝑡, 𝑏 ∈ 𝒥 

(1) 𝑆(𝑟, 𝑠, 𝑡) = 0 if and only if 𝑟 = 𝑠 = 𝑡. 
(2) 𝑆(𝑟, 𝑠, 𝑡) ≤ 𝑆(𝑟, 𝑟, 𝑏) + 𝑆(𝑠, 𝑠, 𝑏) + 𝑆(𝑡, 𝑡, 𝑏) 

The pair (𝓙, 𝐒)is called on S-metric space. 

(1) Let ℝ be a real line.  Then  𝑆(𝑟, 𝑠, 𝑡) = |𝑟 + 𝑡 − 2𝑠| + |𝑟 − 𝑡|, 
           for all 𝑟, 𝑠, 𝑡, 𝑏 ∈ ℝ is a S-metric on ℝ. 𝑆(𝑟, 𝑟, 𝑟) = |𝑟 + 𝑟 − 2𝑟| + |𝑟 − 𝑟| = 0  𝑆(𝑟, 𝑠, 𝑡) = |𝑟 + 𝑡 − 2𝑠| + |𝑟 − 𝑡| 
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𝑆(𝑟, 𝑠, 𝑡) ≤ |𝑟 + 𝑏 − 2𝑟| + |𝑟 − 𝑏| + |𝑠 + 𝑏 − 2𝑠| + |𝑠 − 𝑏| +|𝑡 − 𝑏 − 2𝑡| + |𝑡 − 𝑏|  𝑆(𝑟, 𝑠, 𝑡) ≤ 𝑆(𝑟, 𝑟, 𝑏) + 𝑆(𝑠, 𝑠, 𝑏) + 𝑆(𝑡, 𝑡, 𝑏) 

Take 𝑟 = 2, 𝑠 = 3, 𝑡 = 6, 𝑏 = 4 𝑆(2, 3, 6) = |2 + 6 − 2(3)| + |2 − 6| = 6 𝑆(2, 2, 4) = |2 + 4 − 2(2)| + |2 − 4| = 4 𝑆(3, 3, 4) = |3 + 4 − 2(3)| + |3 − 4| = 2 𝑆(6, 6, 4) = |6 + 4 − 2(6)| + |6 − 4| = 4 𝑆(2, 3, 6) ≤ 𝑆(2, 2, 4) + 𝑆(3, 3, 4) + 𝑆(6, 6, 4) 6 ≤  4 + 2 + 4 6 ≤ 10 𝑆(𝑟, 𝑠, 𝑡) is a 𝑆-metric space. 

Definition 1.2[1]: 

Let (𝒥, S) be an S-metric space and 𝐺 ⊂ 𝒥. A sequence {𝑢𝑛} in 𝒥converges to u if 𝑆(𝑢𝑛, 𝑢𝑛,𝑢) → 0 as 𝑛 → ∞, that is for every 𝜀 > 0 there exists 𝑛0 ∈ 𝑁 such that for 𝑛 ≥ 𝑛0, 𝑆(𝑢𝑛, 𝑢𝑛,𝑢) < 𝜀. We denote lim𝑛→∞ 𝑢𝑛 = 𝑢 and we say that u is the limit of 

{𝑢𝑛} in 𝒥. 

Definition 1.3[1]: 

   Let (𝒥, S) be an S-metric space and 𝐺 ⊂ 𝒥. A sequence {𝑢𝑛} in 𝒥 is said to 

beCauchy sequence if for each 𝜀 > 0, there exists 𝑛0 ∈ 𝑁 such that  𝑆(𝑢𝑛, 𝑢𝑛,𝑢) < 𝜀, for each 𝑛, 𝑚 ≥ 𝑛0. 

Definition 1.4[2]: 

       Let (𝒥, S) and (𝒥′, 𝑆′) be two S-metric space, and 𝑙: (𝒥, S) ⟶  (𝒥′, 𝑆′) be a 

function. Then 𝑙 is said to be continuous at a point 𝑏 ∈ 𝒥 if and only if for every 

sequence 𝑢𝑛 in 𝒥, 𝑆(𝑢𝑛, 𝑢𝑛,𝑏) → 0 implies 𝑆′(𝑙(𝑢𝑛), 𝑙(𝑢𝑛), 𝑙(𝑏)) → 0. A function 𝑙 is 

continuous at 𝒥 if and only if it is continuous at all 𝑏 ∈ 𝒥. 
Definition 1.5: 

Let (𝒥, S) be an S-metric space. A pair {𝑙, 𝑘} is said to becompatible if only if lim𝑛→∞ 𝑆(𝑙𝑘𝑢𝑛, 𝑙𝑘𝑢𝑛, 𝑙𝑘𝑢𝑛) = 0, whenever {𝑢𝑛} is a sequence in 𝒥 such that lim𝑛→∞ 𝑙𝑢𝑛 = lim𝑛→∞ 𝑘𝑢𝑛 = 𝑟 for some 𝑟 ∈ 𝒥. 

Lemma 1.6: 

In an S-metric space, we have 𝑆(𝑢, 𝑢, 𝑣) = 𝑆(𝑣, 𝑣, 𝑢). 
Lemma 1.7[3]: 

  Let (𝒥, S) be an S-metric space. If there exist sequences {𝑢𝑛} and {𝑣𝑛} 

such that lim𝑛→∞ 𝑢𝑛 = 𝑢  and lim𝑛→∞ 𝑣𝑛 = 𝑣, then lim𝑛→∞ 𝑆(𝑢𝑛, 𝑢𝑛, 𝑣𝑛) =𝑆(𝑢, 𝑢, 𝑣). 

Lemma 1.8[2]:  

Let (𝒥, S) be an S-metric space. If there exist two sequences {𝑢𝑛} and {𝑣𝑛} 
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such that  lim𝑛→∞ 𝑆(𝑢𝑛, 𝑢𝑛, 𝑣𝑛) = 0, whenever {𝑢𝑛} is a sequence in χ such that lim𝑛→∞ 𝑢𝑛 = 𝑟 for some 𝑟 ∈ χ, thenlim𝑛→∞ 𝑣𝑛 = 𝑟. 

 

2. MAIN RESULTS 

Theorem 2.1: 

          In a complete S-metric space (𝒥, 𝑆), the self-maps are𝑙, 𝑘, 𝐴 and 𝐵 with 𝑙(𝒥) ⊆ 𝐵(𝒥), 𝑘(𝒥) ⊆ 𝐴(𝒥) and  {𝑙, 𝐴} and {𝑘, 𝐵} are compatible. If  𝑆(𝑙𝑢, 𝑙𝑣, 𝑘𝑤) ≤  𝑝 max {𝑆(𝑙𝑢, 𝑙𝑢, 𝑘𝑤), 𝑆(𝑙𝑣, 𝑙𝑣, 𝐴𝑢), 𝑆(𝐴𝑢, 𝐴𝑣, 𝐵𝑤),      𝑆(𝑘𝑤, 𝑘𝑤, 𝐵𝑤)}                                                                                       (2.1) 

For each , 𝑣, 𝑤 ∈ 𝒥 , 0 < 𝑝 < 1. 

Also A and 𝐵 are continuous.  

Then 𝑙, 𝑘, 𝐴 and 𝐵 have a unique common fixed point in 𝒥. 

Proof: 

Let 𝑢0 ∈ 𝒥. 

Since 𝑙(𝒥) ⊆ 𝐵(𝒥), there exists 𝑢1 ∈ 𝒥 such that 𝑙𝑢0 = 𝐵𝑢1. 

Also, 𝑘𝑢1 ∈ 𝐴(𝒥), we choose 𝑢2 ∈ 𝒥 such that 𝑘𝑢1 = 𝐴𝑢2. 

In general, 𝑢2𝑛+1 ∈ 𝒥 is chosen such that 𝑙𝑢2𝑛 = 𝐵𝑢2𝑛+1and 𝑢2𝑛+2 ∈ 𝒥 such that 𝑘𝑢2𝑛+1 = 𝐴𝑢2𝑛+2. {𝑣𝑛} ∈ 𝒥 is obtained such that  𝑣2𝑛 = 𝑙𝑢2𝑛 = 𝐵𝑢2𝑛+1 𝑣2𝑛+1 = 𝑘𝑢2𝑛+1 = 𝐴𝑢2𝑛+2,        𝑛 ≥ 0 

To prove:{𝑣𝑛} is a Cauchy sequence. 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛+1) = 𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝑘𝑢2𝑛+1) ≤ 𝑝 max {𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝑘𝑢2𝑛+1), 𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝐴𝑢2𝑛),               𝑆(𝐴𝑢2𝑛, 𝐴𝑢2𝑛, 𝐵𝑢2𝑛+1), 𝑆(𝑘𝑢2𝑛+1, 𝑘𝑢2𝑛+1, 𝐵𝑢2𝑛+1)} = 𝑝 max {𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛+1), 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛−1),        𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛), 𝑆(𝑣2𝑛+1, 𝑣2𝑛+1, 𝑣2𝑛)} = 𝑝 𝑚𝑎𝑥{𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛), 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛+1)}                                        (2.2) 

If 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛+1) > 𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛), then by (2.2) 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛+1) < 𝑝 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛+1) 

which is a contradiction. 

Hence 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛+1) ≤ 𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛) 

Therefore by (2.2)  𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛+1) ≤ 𝑝 𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛)                                                     (2.3) 𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛) = 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛−1) = 𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝑘𝑢2𝑛−1) ≤ 𝑝 max {𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝑘𝑢2𝑛−1), 𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝐴𝑢2𝑛),             𝑆(𝐴𝑢2𝑛, 𝐴𝑢2𝑛, 𝐵𝑢2𝑛−1), 𝑆(𝑘𝑢2𝑛−1, 𝑘𝑢2𝑛−1, 𝐵𝑢2𝑛−1)} = 𝑝 max {𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛−1), 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛−1), 
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          𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛−2), 𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛−2)} = 𝑝 𝑚𝑎𝑥{𝑆(𝑣2𝑛−2, 𝑣2𝑛−2, 𝑣2𝑛−1), 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛−1)}                                     (2.4) 

If 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛−1) > 𝑆(𝑣2𝑛−2, 𝑣2𝑛−2, 𝑣2𝑛−1), then by (4)  𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛−1) < 𝑝 𝑆(𝑣2𝑛, 𝑣2𝑛, 𝑣2𝑛−1) 

 which is a contradiction. 

Hence 𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛) ≤ 𝑆(𝑣2𝑛−2, 𝑣2𝑛−2, 𝑣2𝑛−1) 

Therefore, by (4)   𝑆(𝑣2𝑛−1, 𝑣2𝑛−1, 𝑣2𝑛) ≤ 𝑝 𝑆(𝑣2𝑛−2, 𝑣2𝑛−2, 𝑣2𝑛−1)                                                 (2.5) 

From (2.3) and (2.5)  𝑆(𝑣𝑛, 𝑣𝑛, 𝑣𝑛−1) ≤ 𝑝 𝑆(𝑣𝑛−1, 𝑣𝑛−1, 𝑣𝑛−2),                           𝑛 ≥ 2 

where 0 < 𝑝 < 1.  

Hence for 𝑛 ≥ 2, it follows that  𝑆(𝑣𝑛, 𝑣𝑛, 𝑣𝑛−1) ≤ ⋯ ≤  𝑝𝑛−1 𝑆(𝑣1, 𝑣1, 𝑣0)                                                           (2.6) 

For 𝑛 > 𝑚, by triangle inequality in S-metric space we have 𝑆(𝑣𝑛, 𝑣𝑛, 𝑣𝑚) ≤ 2𝑆(𝑣𝑚, 𝑣𝑚, 𝑣𝑚+1) + 2𝑆(𝑣𝑚+1, 𝑣𝑚+1, 𝑣𝑚+2) + ⋯ +2𝑆(𝑣𝑛−1, 𝑣𝑛−1, 𝑣𝑛) 

From (2.6) we have  𝑆(𝑣𝑛, 𝑣𝑛, 𝑣𝑚) ≤ 2(𝑝𝑚 + 𝑝𝑚+1 + ⋯ + 𝑝𝑛−1) 𝑆(𝑣1, 𝑣1, 𝑣0)  ≤ 2 𝑝𝑚(1 + 𝑝 + 𝑝2 + ⋯ ) 𝑆(𝑣1, 𝑣1, 𝑣0) ≤ 2 𝑝𝑚1−𝑞 𝑆(𝑣1, 𝑣1, 𝑣0) → 0 as 𝑚 → 0, 0 < 𝑝 < 1. 

Therefore {𝑣𝑛} is a Cauchy sequence. 

Since 𝒥 is a complete S-metric space for some 𝑣 ∈ 𝒥 such that  lim𝑛→∞ 𝑙𝑢2𝑛 = lim𝑛→∞ 𝐵𝑢2𝑛+1 = lim𝑛→∞ 𝑘𝑢2𝑛+1 = lim𝑛→∞ 𝐴𝑢2𝑛+2 = 𝑣 

Claim:𝑣 is a common fixed point of 𝑙, 𝑘, 𝐴 and 𝐵. 

Since A is continuous,  lim𝑛→∞ 𝐴2𝑢2𝑛+2 = 𝐴𝑣,   lim𝑛→∞ 𝐴𝑙𝑢2𝑛 = 𝐴𝑣 

 Since 𝑙 and A are compatible, lim𝑛→∞ 𝑆(𝑙𝐴𝑢2𝑛, 𝑙𝐴𝑢2𝑛, 𝐴𝑙𝑢2𝑛) = 0 

By lemma 1.8, lim𝑛→∞ 𝑙𝐴𝑢2𝑛 = 𝐴𝑣 

Put 𝑢 = 𝑣 = 𝐴𝑢2𝑛 and 𝑤 = 𝑢2𝑛+1 in (1) 𝑆(𝑙𝐴𝑢2𝑛, 𝑙𝐴𝑢2𝑛, 𝑘𝑢2𝑛+1) ≤ p max {𝑆(𝑙𝐴𝑢2𝑛, 𝑙𝐴𝑢2𝑛, 𝑘𝑢2𝑛+1), 𝑆(𝑙𝐴𝑢2𝑛, 𝑙𝐴𝑢2𝑛, 𝐴2𝑢2𝑛), 𝑆(𝐴2𝑢2𝑛, 𝐴2𝑢2𝑛 , 𝐵𝑢2𝑛+1), 𝑆(𝑘𝑢2𝑛+1, 𝑘𝑢2𝑛+1, 𝐵𝑢2𝑛+1)}                                                              (2.7) 

 In (2.7), apply upper limit 𝒏 → ∞ 𝑆(𝐴𝑣, 𝐴𝑣, 𝑣) = lim𝑛→∞ 𝑆(𝑙𝐴𝑢2𝑛, 𝑙𝐴𝑢2𝑛, 𝑘𝑢2𝑛+1) ≤ p max { lim𝑛→∞𝑆(𝑙𝐴𝑢2𝑛, 𝑙𝐴𝑢2𝑛, 𝑘𝑢2𝑛+1), 
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lim𝑛→∞𝑆(𝑙𝐴𝑢2𝑛, 𝑙𝐴𝑢2𝑛, 𝐴2𝑢2𝑛), lim𝑛→∞𝑆(𝐴2𝑢2𝑛, 𝐴2𝑢2𝑛, 𝐵𝑢2𝑛+1), lim𝑛→∞𝑆(𝑘𝑢2𝑛+1, 𝑘𝑢2𝑛+1, 𝐵𝑢2𝑛+1)} 𝑆(𝐴𝑣, 𝐴𝑣, 𝑣) ≤ 𝑝 max{𝑆(𝐴𝑣, 𝐴𝑣, 𝑣), 𝑆(𝐴𝑣, 𝐴𝑣, 𝐴𝑣), 𝑆(𝐴𝑣, 𝐴𝑣, 𝑣), 𝑆(𝑣, 𝑣, 𝑣)} 

                      = 𝑝 𝑆(𝐴𝑣, 𝐴𝑣, 𝑣) 𝑆(𝐴𝑣, 𝐴𝑣, 𝑣) ≤ 𝑝 𝑆(𝐴𝑣, 𝐴𝑣, 𝑣) , 0 < 𝑝 < 1 it follows that 𝐴𝑣 = 𝑣. 

Since 𝐵 is continuous,  

 lim𝑛→∞ 𝐵2𝑢2𝑛+1 = 𝐵𝑣,   lim𝑛→∞ 𝐵𝑘𝑢2𝑛+1 = 𝐵𝑣  
Since 𝑘 and 𝐵 are compatible, lim𝑛→∞𝑆(𝑘𝐵𝑢2𝑛+1, 𝑘𝐵𝑢2𝑛+1, 𝐵𝑘𝑢2𝑛+1) = 0 

By lemma 1.8, lim𝑛→∞ 𝑘𝐵𝑢2𝑛+1 = 𝐵𝑣 

Put 𝑢 = 𝑣 = 𝑢2𝑛 and 𝑧 = 𝐵𝑢2𝑛+1 in (2.1) 𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛 , 𝑘𝐵𝑢2𝑛+1) ≤ 𝑝 max {S(l𝑢2𝑛, 𝑙𝑢2𝑛, 𝑘𝐵𝑢2𝑛+1), 𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝐴𝑢2𝑛), 𝑆(𝐴𝑢2𝑛, 𝐴𝑢2𝑛, 𝐵2𝑢2𝑛+1), 𝑆(𝑘𝐵𝑢2𝑛+1, 𝑘𝐵𝑢2𝑛+1, 𝐵2𝑢2𝑛+1)}                                                       (2.8) 

In (2.8), apply upper limit when 𝑛 → ∞ 𝑆(𝑣, 𝑣, 𝐵𝑣) = lim𝑛→∞ 𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝑘𝐵𝑢2𝑛+1)                      ≤ 𝑝 max { lim𝑛→∞S(l𝑢2𝑛, 𝑙𝑢2𝑛, 𝑘𝐵𝑢2𝑛+1), lim𝑛→∞𝑆(𝑙𝑢2𝑛, 𝑙𝑢2𝑛, 𝐴𝑢2𝑛), lim𝑛→∞𝑆(𝐴𝑢2𝑛, 𝐴𝑢2𝑛, 𝐵2𝑢2𝑛+1), lim𝑛→∞𝑆(𝑘𝐵𝑢2𝑛+1, 𝑘𝐵𝑢2𝑛+1, 𝐵2𝑢2𝑛+1)} ≤ p max {𝑆(𝑣, 𝑣, 𝐵𝑣), 𝑆(𝑣, 𝑣, 𝑣), 𝑆(𝑣, 𝑣, 𝐵𝑣), 𝑆(𝐵𝑣, 𝐵𝑣, 𝐵𝑣)} ≤ p{ 𝑆(𝑣, 𝑣, 𝐵𝑣)} 𝑆(𝑣, 𝑣, 𝐵𝑣) ≤ p{ 𝑆(𝑣, 𝑣, 𝐵𝑣)}  , 0 < 𝑝 < 1 it follows that 𝐵𝑣 = 𝑣. 

Also, we can apply (1) 𝑆(𝑙𝑣, 𝑙𝑣, 𝑘𝑢2𝑛+1) ≤ p max {𝑆(𝑙𝑣, 𝑙𝑣, 𝑘𝑢2𝑛+1), 𝑆(𝑙𝑣, 𝑙𝑣, 𝐴𝑣),𝑆(𝐴𝑣, 𝐴𝑣, 𝐵𝑢2𝑛+1), 𝑆(𝑘𝑢2𝑛+1, 𝑘𝑢2𝑛+1, 𝐵𝑢2𝑛+1)}                                           (2.9) 

 In (2.9), apply upper limit 𝑛 → ∞ as 𝐴𝑣 = 𝐵𝑣 = 𝑣 𝑆(𝑙𝑣, 𝑙𝑣, 𝑣) ≤ 𝑝 max{𝑆(𝑙𝑣, 𝑙𝑣, 𝑣), 𝑆(𝑙𝑣, 𝑙𝑣, 𝑣), 𝑆(𝐴𝑣, 𝐴𝑣, 𝑣), 𝑆(𝑣, 𝑣, 𝑣)} = 𝑝𝑆(𝑙𝑣, 𝑙𝑣, 𝑣) 

Since 0 < 𝑝 < 1,  𝑆(𝑙𝑣, 𝑙𝑣, 𝑣) = 0 and 𝑙𝑣 = 𝑣 

By using (2.1) and 𝐴𝑣 = 𝐵𝑣 = 𝑙𝑣 = 𝑣 𝑆(𝑣, 𝑣, 𝑘𝑣) = 𝑆(𝑙𝑣, 𝑙𝑣, 𝑘𝑣) ≤ 𝑝 max{𝑆(𝑙𝑣, 𝑙𝑣, 𝑘𝑣), 𝑆(𝑙𝑣, 𝑙𝑣, 𝐴𝑣), 𝑆(𝐴𝑣, 𝐴𝑣, 𝐵𝑣), 𝑆(𝑘𝑣, 𝑘𝑣, 𝐵𝑣)}                     = 𝑝 max{𝑆(𝑣, 𝑣, 𝑘𝑣), 𝑆(𝑣, 𝑣, 𝑣), 𝑆(𝑣, 𝑣, 𝑣), 𝑆(𝑘𝑣, 𝑘𝑣, 𝑣)}                     = 𝑝 𝑆(𝑣, 𝑣, 𝑘𝑣) 
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𝑆(𝑣, 𝑣, 𝑘𝑣) = 0 and 𝑘𝑣 = 𝑣 𝐴𝑣 = 𝐵𝑣 = 𝑙𝑣 = 𝑘𝑣 = 𝑣 is proved 

If there exist another common fixed point 𝑢 ∈ 𝒥  of all 𝑙, 𝑘, 𝐴 and 𝐵, then 𝑆(𝑢, 𝑢, 𝑣) = 𝑆(𝑙𝑢, 𝑙𝑢, 𝑘𝑣) ≤ 𝑝 max{𝑆(𝑙𝑢, 𝑙𝑢, 𝑘𝑣), 𝑆(𝑙𝑢, 𝑙𝑢, 𝐴𝑢), 𝑆(𝐴𝑢, 𝐴𝑢, 𝐵𝑣), 𝑆(𝑘𝑣, 𝑘𝑣, 𝐵𝑣)} = 𝑝 max{𝑆(𝑢, 𝑢, 𝑣), 𝑆(𝑢, 𝑢, 𝑢), 𝑆(𝑢, 𝑢, 𝑣), 𝑆(𝑣, 𝑣, 𝑣)}                     = 𝑝 𝑆(𝑢, 𝑢, 𝑣) 

which implies that  𝑆(𝑢, 𝑢, 𝑣) = 0 and 𝑢 = 𝑣 

Therefore, 𝑣 is a unique common fixed point of 𝑙, 𝑘, 𝐴 and 𝐵. 

Hence proved. 

The following example explains the theorem (2.1) 

Example 2.2: 

            Let 𝜒 = [0,1] be S-metric with 𝑆(𝑢, 𝑣, 𝑤) = |𝑢 − 𝑤| + |𝑣 − 𝑤|. Define 𝑙, 𝑘, 𝐴 

and 𝐵 on 𝒥 by        𝑙(𝑢) = (𝑢3)8 , 𝑘(𝑢) = (𝑢3)4 , 𝐴(𝑢) = (𝑢3)2 , 𝐵(𝑢) = 𝑢3 

Obviously, 𝑙(𝒥) ⊆ 𝐵(𝒥) and 𝑘(𝒥) ⊆ 𝐴(𝒥). 

Furthermore, the pairs {𝑙, 𝐴} and {𝑘, 𝐵} are compatible mappings. 

Solution: 

             Also for each 𝑢, 𝑣, 𝑤 ∈ 𝒥, we have  𝑆(𝑙𝑢, 𝑙𝑣, 𝑘𝑤) = |𝑙𝑢 − 𝑘𝑤| + |𝑙𝑣 − 𝑘𝑤| = |(𝑢3)8 − (𝑤3 )4| + |(𝑣3)8 − (𝑤3 )4| = |(𝑢3)4 + (𝑤3 )2| |(𝑢3)4 − (𝑤3 )2| + |(𝑣3)4 + (𝑤3 )2| |(𝑣3)4 − (𝑤3 )2|               = |(𝑢3)4 + (𝑤3 )2| |(𝑢3)2 + 𝑤3 | |(𝑢3)2 − 𝑤3 | + |(𝑣3)4 + (𝑤3 )2| |(𝑣3)2 + 𝑤3 | |(𝑣3)2 − 𝑤3 |             = 1081 |(𝑢3)2 + 𝑤3 | |(𝑢3)2 − 𝑤3 | + 1081 |(𝑣3)2 + 𝑤3 | |(𝑣3)2 − 𝑤3 |                                = 1081 × 49 |(𝑢3)2 − 𝑤3 | + 1081 × 49 |(𝑣3)2 − 𝑤3 |                                = 40729 |(𝑢3)2 − 𝑤3 | + 40729 |(𝑣3)2 − 𝑤3 |                                = 40729 |𝐴𝑢 − 𝐵𝑤| + 40729 |𝐴𝑣 − 𝐵𝑤|                                = 40729  𝑆(𝐴𝑢, 𝐴𝑣, 𝐵𝑤) 
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                               ≤ 40729 max {𝑆(𝑙𝑢, 𝑙𝑣, 𝑘𝑤), 𝑆(𝑙𝑣, 𝑙𝑣, 𝐴𝑢), 𝑆(𝐴𝑢, 𝐴𝑣, 𝐵𝑤)𝑆(𝑘𝑤, 𝑘𝑤, 𝐵𝑤) } 

where 40 729⁄ ≤ 𝑝 < 1. 

Thus 𝑙, 𝑘, 𝐴 and 𝐵 satisfy the conditions given in theorem 2.1.And 0 is the unique 

common fixed point of 𝑙, 𝑘, 𝐴 and 𝐵. 

CONCLUSION 

In this paper, we proved the common fixed point theorem for the pairs 

of compatible mappings. With the help of complete S-metric space the common 

fixed point theorem were found and the unique common fixed point of four self-

maps were also identified. Numerical examples were also illustrated. 
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