
European Journal of Molecular & Clinical Medicine 
                                                                                        ISSN 2515-8260                 Volume 07, Issue 07, 2020 

3675 
 

On Sequence Spaces Defined Via Euler And 

Matrix     Transformations 
 

Sandeep Kumar Singh1 

 

Email-Id- sandeep.14278@lpu.co.in 
1School of Computer Science and Engineering 

Lovely Professional University, Punjab 

 

ABSTRACT: We present the topological properties of some lacunary sequence spaces on 

n-normed space defined via Euler and matrix summability transformations. Further some 

inclusion relation between these spaces are studied.  

  

 

INTRODUCTION AND PRELIMINARIES  

 

Euler summability is widely used in numerical analysis to improve the convergence of the 

series. These techniques are useful in computer science especially in making graphics and the 

accelerated convergence techniques are also used to find eigenvalues and eigenvectors of 

dynamical systems. The Euler transform (𝐸, 𝑝) of the sequence 𝑆 = (𝑠𝑛) of the partial sums 

of a series ∑ 𝑎𝑘
∞
𝑘=0  is defined as 𝐸𝑛

𝑝(𝑆) =
1

(1+𝑝)𝑛
∑ (

𝑛
𝑣
)𝑛

𝑣=0 𝑝𝑛−𝑣𝑠𝑣, 𝑝 is positive real. A series 

∑𝑎𝑛 is called (𝐸, 𝑝) −summable to 𝑠 if 𝐸𝑛
𝑝(𝑆) =

1

(1+𝑝)𝑛
∑ (

𝑛
𝑣
)𝑛

𝑣=0 𝑝𝑛−𝑣𝑠𝑣 → 𝑠 and it is called 

absolutely (𝐸, 𝑝) − summable if ∑ |𝐸𝑘
𝑝(𝑆) − 𝐸𝑘−1

𝑝 (𝑆)|𝑘 < ∞. Suppose 𝑥 = (𝑥)𝑛  be the 

sequence of scalars, for𝑘 ≥ 1 , we will represent 𝑁𝑛(𝑥)  the difference  𝐸𝑛
𝑝(𝑥) − 𝐸𝑛−1

𝑝 (𝑥) , 

where 𝐸𝑛
𝑝
 is defined as above. Through the use of Abel’s transform we can write  

𝑁𝑛(𝑥) = −
1

(1 + 𝑝)𝑛−1
∑𝑥𝑗+1𝐴𝑗 +

𝑠𝑛−1𝐴𝑛−1
(1 + 𝑝)𝑛−1

𝑛−2

𝑗=0

+
𝑠𝑛

(1 + 𝑝)𝑛
−

𝑝𝑛−1

(1 + 𝑝)𝑛
𝑠0, 

Where𝐴𝑘 = ∑ [
𝑝

𝑝+1
(
𝑛
𝑗) − (

𝑛 − 1
𝑗
)]𝑘

𝑗=0 𝑝𝑛−𝑗−1.  For a sequence 𝑥 = (𝑥𝑛), 𝑦 = (𝑦𝑛)  and the 

scalar 𝜆, we have 𝑁𝑛(𝑥 + 𝑦) = 𝑁𝑛(𝑥) + 𝑁𝑛(𝑦) and 𝑁𝑛(𝜆𝑥) = 𝜆𝑁𝑛(𝑥). 
In this paper we will study the topological properties of the class of sequence space defined 

using 

Musielak-Orlicz function. We introduce these spaces by using the Euler and matrix 

transformations. Finally, we present the application of these spaces to statistical convergence. 

Before proceeding  we discuss some basic definitions and results required for the further 

discussion. 

A non-decreasing , continuous and convex function 𝑀  with 𝑀(0) = 0,𝑀(𝑥) > 0 𝑓𝑜𝑟 𝑥 >
0 𝑎𝑛𝑑 𝑀(𝑥) → ∞ 𝑎𝑠 𝑥 → ∞ is called an Orlicz function. Orlicz sequence space  [10] denoted 

𝑙𝑀 is  

the space of sequences 𝑥 = (𝑥𝑛) which satisfy ∑ 𝑀 (
|𝑥𝑘|

𝜌
)∞

𝑘=1 < ∞, 𝜌 > 0. 

Theorem 1.1. (𝑙𝑀, ‖𝑥‖) is a Banach space, where ‖𝑥‖ = 𝑖𝑛𝑓 {𝜌 > 0:∑ 𝑀 (
|𝑥𝑗|

𝜌
) ≤ 1∞

𝑗=1 }. 

A sequence of Orlicz functions is called Musielak-Orlicz function. For more information 

about the complementary function of a Musielak-Orlicz function, Musielak-Orlicz sequence 

space,Luxemburg norm we refer the reader to [10]. 
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A real-valued function ‖. , … , . ‖ Defined on 𝑋𝑛 ,where 𝑋 is a linear space over the (real or 

complex) field 𝕂 of dimension 𝑑, 𝑑 ≥ 𝑛 ≥ 2, 𝑛 ∈ ℕ is called an 𝑛-norm ([5],[9]) if it fulfils 

the conditions given below 

(1) ‖𝑥1, 𝑥2, 𝑥3…𝑥𝑛−1, 𝑥𝑛‖ = 0 iff 𝑥1, 𝑥2, … , 𝑥𝑛 are linearly independent; 

(2) ‖𝑥1, 𝑥2, 𝑥3… , 𝑥𝑛−1, 𝑥𝑛‖ is invariant under permutations; 

(3) ‖𝛼𝑥1, 𝑥2, 𝑥3… , 𝑥𝑛−1, 𝑥𝑛‖ = |𝛼|‖𝑥1, 𝑥2, … , 𝑥𝑛‖ ∀ 𝛼 ∈ 𝕂; 
(4) ‖𝑥 + 𝑥′, 𝑥2, 𝑥3… , 𝑥𝑛−1, 𝑥𝑛‖ ≤ ‖𝑥, 𝑥2, … , 𝑥𝑛‖ + ‖𝑥

′, 𝑥2, … , 𝑥𝑛‖. 
The pair (𝑋(𝕂), ‖. , … , . ‖) Is called an 𝑛-normed space. For further detail about 𝑛-normed 

space,see [6] and [7]. 

A sequence 𝜃 = (𝑘𝑟)  of positive integers with 𝑘0 = 0,0 < 𝑘𝑟 < 𝑘𝑟+1  and ℎ𝑟 = 𝑘𝑟 −
𝑘𝑟−1 → ∞ as 𝑟 → ∞ is called a Lacunary sequence [4]. The intervals 𝐼𝑟 = (𝑘𝑟−1, 𝑘𝑟] are 

determined by 𝜃 and the ratio 
𝑘𝑟

𝑘𝑟−1
 are denoted as 𝑞𝑟 . 

For more detail about sequence spaces we refer the reader to [1],[2] and [11]. 

Let 𝔐 = [𝑚𝑖𝑗] =

[
 
 
 
 𝑝1        𝑤1

(1)

𝑤1
(−1)      𝑝2

𝑤1
(2) …

𝑤2
(1) …

𝑤1
(−2)        𝑤2

(−1)

⋮ ⋮

𝑝3    …
⋮     ⋮ ]

 
 
 
 

 where 𝑝 = (𝑝𝑖) and 𝑤(𝑡) = (𝑤𝑖)
(𝑡)  are 

some fixed numerical sequences, 𝑡 ∈ ℤ\{0} .For a fixed 𝑘𝑓 ∈ ℕ   we define a finite 

sequence 𝑡𝑛  with 𝑘𝑓  terms as 𝑡𝑛={

𝑛+1

2
, 𝑛 𝑖𝑠 𝑜𝑑𝑑

−𝑛

2
, 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

. We construct  a matrix 𝔐(𝑝,𝑤𝑡,𝑘𝑓)
=

𝔐,𝑤𝑡𝑖 = 0 ∀ 𝑖 > 𝑘𝑓 and for 𝑖 = 1,2, … , 𝑘𝑓 we have some fixed sequences 𝑤𝑡𝑖 and 𝑝. 

Example 2.1. For 𝑘𝑓 = 2  we have 𝑡1 = 1, 𝑡2 = −1,  we define 𝑝𝑖 = −1 ∀𝑖  and 𝑤𝑖
(𝑡)
=

{
1, 𝑓𝑜𝑟 𝑡 = −1,1

0, ∀𝑡 ∈ ℤ\{0,1, −1}
 then we have 𝔐(𝑝,𝑤𝑡,2)𝑥 = 〈∑ 𝑚𝑖𝑗𝜉𝑗

∞
𝑗=1 〉𝑛 = 〈−𝜉1 + 𝜉2, 𝜉1 − 𝜉2 +

𝜉3, 𝜉2 − 𝜉3 + 𝜉4, 𝜉3 − 𝜉4 + 𝜉5… 〉. 
For a Musielak-Orlicz function ℳ = (𝑀𝑗), we define the sequence given below in this 

paper: 

𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑗𝑓)

, ‖. , … , . ‖)

=

{
 

 
𝑥

= (𝑥𝑗): lim
𝑟

1

ℎ𝑟
∑𝑘−𝑠 [𝑀𝑗 (‖

𝑢𝑗𝑁
𝑗(𝔐

(𝑝,𝑤𝑡,𝑗𝑓)
𝑥)

𝜌
, 𝑧1, … 𝑧𝑛−1‖)]

𝑝𝑗

< ∞, 𝑠

∞

𝑗=1

≥ 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0

}
 

 
 

Here,𝑝 = (𝑝𝑗) is a bounded sequence of non-negative reals and 𝑢 = (𝑢𝑗) a sequence of 

positive reals. 

Lemma 2.1(Maddox,[8]). If 0 ≤ 𝑝𝑗 ≤ sup 𝑝𝑗 = 𝐻,𝐾 = 𝑚𝑎𝑥(1, 2𝐻−1) then |𝑎𝑗 + 𝑏𝑗|
𝑝𝑗
≤

𝐾{|𝑎𝑗|
𝑝𝑗
+ |𝑏𝑗|

𝑝𝑗
} for all 𝑗 𝑎𝑛𝑑 𝑎𝑗 , 𝑏𝑗 ∈ ℂ.Also |𝑎|𝑝𝑗 ≤ 𝑚𝑎𝑥(1, |𝑎|𝐻) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈ ℂ. 
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Theorem 2.1: 𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑗𝑓)

, ‖. , … , . ‖)  Is a linear space over the field of 

complex numbers and is paranormed by the paranorm 𝑔(𝑥) defined as: 

𝑔(𝑥) = 𝑖𝑛𝑓

{
 
 

 
 

𝜌𝑝𝑛 𝐻⁄ : (lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1, … 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=1 )

1

𝐻

≤

1, 𝑛 = 1,2,3, …

}
 
 

 
 

, 

Here 𝐻 = max (1, 𝑠𝑢𝑝𝑘𝑝𝑘) 

Proof: Let 𝑥 = (𝑥𝑘), 𝑦 = (𝑦𝑘) ∈ 𝐸𝑛
𝑞 (𝑀, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) , 𝛼, 𝛽 ∈ ℂ. There will 

exist positive integer 𝜌1, 𝜌2 so that, 

lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌1
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=1 < ∞  and 

lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑦))

𝜌2
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=1 < ∞. 

Since (𝑀𝑘) is non-decreasing convex function so that max (2|𝛼|𝑝1, 2|𝛽|𝜌2 = 𝜌3 

We have lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
(𝛼𝑥+𝛽𝑦))

𝜌3
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=1 ≤

 lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝛼𝑥)

𝜌3
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=1 +

lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝛽𝑦)

𝜌3
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=1 ≤

𝐾 lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌3
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

+∞
𝑘=1

𝐾 lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌3
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

< ∞.∞
𝑘=1  

Therefore 𝛼𝑥 + 𝑏𝑦 ∈ 𝐸𝑛
𝑞 (𝑀, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖). Hence the space is linear. Further 

we have 𝑔(𝑥) = 𝑔(−𝑥)  and 𝑔(𝑥 + 𝑦) ≤ 𝑔(𝑥) + 𝑔(𝑦)  and 𝑀𝑘(0) = 0 ,we have 

𝑖𝑛𝑓{𝜌𝑝𝑛 𝐻⁄ } = 0 if 𝑥 = 0. Let us take a number 𝜆, then, 
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𝑔(𝜆𝑥) = 𝑖𝑛𝑓 {𝜌𝑝𝑛 𝐻⁄ : lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝜆𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=1 ≤

1, 𝑛 = 1,2,3, …} implies that 

𝑔(𝜆𝑥) = 𝑖𝑛𝑓 {(𝜆𝑠)𝑝𝑛 𝐻⁄ : lim
𝑟

1

ℎ𝑟
∑𝑘−𝑠 [𝑀𝑘 (‖

𝜆𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘∞

𝑘=1

≤ 1, 𝑛 = 1,2,3, … } 

𝑠 =
𝜌

|𝜆|
.By 2.1 we have |𝜆|𝑝𝑘 𝐻⁄ ≤ (max (1, |𝜆|𝐻)

1

𝐻 and hence, 

𝑔(𝜆𝑥)

= (max (1, |𝜆|𝐻)
1
𝐻𝑖𝑛𝑓 {(𝑠)𝑝𝑛 𝐻⁄ : lim

𝑟

1

ℎ𝑟
∑𝑘−𝑠 [𝑀𝑘 (‖

𝜆𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘∞

𝑘=1

≤ 1, 𝑛 = 1,2,3, …}𝐻 ≤ 1, 𝑁 = 1,2, … 

Clearly Clearly 𝑔(𝑥) → 0 when 𝑥 → 0 in 𝐸𝑛
𝑞 (𝑀, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖).Now let, 𝜆𝑛 →

0 𝑎𝑠  𝑛 → ∞  and 𝐸𝑛
𝑞 (𝑀, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖)  For any 𝜖 > 0,  let 𝑛0  be a positive 

integer such that  

lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘∞

𝑘=𝑛0+1

<
𝜖

2
 

For some 𝜌 > 0.which implies that  

(lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘∞

𝑘=𝑛0+1

)

1
𝐻

≤
𝜖

2
. 

Let us take 0 < |𝜆| < 1, then convexity of (𝑀𝑘) implies 

lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝜆𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=𝑛0+1

<

|𝜆| lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘

∞
𝑘=𝑛0+1

< (
𝜖

2
)
𝐻

. 

Since (𝑀𝑘) is continuous everywhere in [0,∞),so 

ℎ(𝑡) = lim
𝑟

1

ℎ𝑟
∑𝑘−𝑠 [𝑀𝑘 (‖

𝑡𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘𝑛0

𝑘=1
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is also continuous at 0. Hence there exists 0 < 𝛿 < 1 such that |ℎ(𝑡)| < 𝜖 2⁄  for some 0 <

𝑡 < 𝛿.Let 𝐾 is such that |𝜆𝑛| < 𝛿 for 𝑛 > 𝐾 we have 

(lim
𝑟

1

ℎ𝑟
∑𝑘−𝑠 [𝑀𝑘 (‖

𝜆𝑛𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘𝑛0

𝑘=1

)

1
𝐻

<
ϵ

2
. 

Thus for 𝑛 > 𝐾 

(lim
𝑟

1

ℎ𝑟
∑𝑘−𝑠 [𝑀𝑘 (‖

𝜆𝑛𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘∞

𝑘=1

)

1
𝐻

< 𝜖 

Hence,𝑔(𝜆𝑥) converges to 0 as 𝜆 converges to 0 and hence the result.  ∎ 

Theorem-2.2: For the Musielak-Orlicz functions ℳ′ = (𝑀𝑘
′ )  and  ℳ′′ = (𝑀𝑘

′′)  and for 

𝑠, 𝑠1, 𝑠2, where 𝑠, 𝑠1, 𝑠2 are nonnegative real numbers, we have 

(i) 𝐸𝑛
𝑞
(ℳ′, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) ∩ 𝐸𝑛
𝑞
(ℳ′′, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) ⊆

𝐸𝑛
𝑞 (ℳ′ +ℳ′′, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖), 

(ii) If 𝑠1 ≤ 𝑠2,then 

𝐸𝑛
𝑞 (ℳ′, 𝑢, 𝑝, 𝑠1,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) ⊆ 𝐸𝑛
𝑞 (ℳ′, 𝑢, 𝑝, 𝑠2,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖), 

(iii) If ℳ′ is equivalent to ℳ′′,then  

𝐸𝑛
𝑞 (ℳ′, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) = 𝐸𝑛
𝑞 (ℳ′, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖). 

Proof: Proof of this theorem is routine.      ∎ 

Theorem:2.3: 𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑟, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) ⊆

𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) , 0 < 𝑟𝑘 ≤ 𝑝𝑘 < ∞. 

Proof: Let 𝑥 ∈ 𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑟, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖).There exists some 𝜌 > 0 such that  

lim
𝑟

1

ℎ𝑟
∑𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]

𝑟𝑘

< ∞.

∞

𝑘=1

 

Hence, 𝑀𝑘 (‖
𝑢𝑘𝑁𝑘(𝔐(𝑝,𝑤𝑡,𝑘𝑓)

𝑥)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖) ≤ 1 for sufficiently large 𝑘, let 𝑘 ≥ 𝑘0 for 

some fixed 𝑘0 ∈ ℕ. As (𝑀𝑘) is non-decreasing so 

lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]

𝑝𝑘
∞

𝑘≥𝑘0

≤ lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠 [𝑀𝑘 (‖

𝑢𝑘𝑁𝑘 (𝔐(𝑝,𝑤𝑡,𝑘𝑓)
𝑥)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]

𝑟𝑘

< ∞.
∞

𝑘≥𝑘0

 

Hence 𝑥 ∈ 𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖).      ∎ 

Theorem-2.4:If 0 < 𝑝𝑘 ≤ 1,then 

𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) ⊆ 𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖). 

(ii) If 𝑝𝑘 ≥ 1 for all 𝑘,then 

𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖) ⊆ 𝐸𝑛
𝑞 (ℳ, 𝑢, 𝑝, 𝑠,𝔐(𝑝,𝑤𝑡,𝑘𝑓)

, ‖. , … , . ‖). 
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Proof- Proof is similar to that of 2.3.              ∎ 
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