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Abstract :  This article is devoted to study the solution of field equations of 𝒇(𝑹, 𝑻) =

𝑹 + 𝝀𝑻 gravity under the scale factor of the form 𝑺(𝒕) = 𝑺𝟎𝒆
(𝒕−𝒕𝟎)

𝟐𝒏
 with 𝑮 and 𝜦 for 

FRW metric. It is considered that, universe is filled with an exotic fluid of the form 𝒑 =

𝑨𝝆 −
𝑩

𝝆𝒎
, known as modified Chaplygin gas. Here the derived model is close to 𝜦CDM 

model under the limiting case of 𝒕 − 𝒕𝟎 → ∞ and 𝒏 ∈ ℕ+  

 

 

1  Introduction 

 Our universe is considering to be one of the most dynamical system as compare to 

other physical systems. Observational data from different observations pointed out that, our 

universe is expanding with acceleration [1]. The study of literatures of modern cosmology 

revels that, nearly 68.5% of our universe is filled with dark energy. It is usually considered as 

an exotic entity, which has positive and negative energy density and pressure respectively. It 

is believed that, the cosmic acceleration is due to the exotic entity usually dubbed as dark 

energy with equation of state parameter 𝜔 = −1. Still today we are not able to provide the 

scientific evidence of the existence of the dark energy. Therefore, the issue of dark energy is 

â€˜â€™Mystery of the Millenniumâ€• [2]. The equation of the state parameter is very close 

to −1  but other dark fluids like 𝑘 -essence, quintessence, phantom etc. with suitable 

equation of the state parameter are also allowed. In the era of inflation, acceleration epoch 

was not driven by standard matter or radiation, which make the researchers to investigate the 

more general form of the dark fluid along with its solutions and behaviours. Also it is noticed 

that many of the physical systems with macroscopic nature are approximated through the 

perfect fluid and at the same time we cannot ignore universe, which has the non-perfect fluid 

representation.  

 However, among various form of dark energy cosmological constant is considered to 

be the one of the simple and prominent candidate. In the Einstein’s field equation, we cannot 

ignore the role of gravitational constant 𝐺 and cosmological constant Λ. The gravitational 

constant act as a constant of coupling between matter and geometry in case of Einstein’s field 

equation. In the evolvement cosmic time, it is considered as a function of time rather than 

treating as a constant. Observational data support the accelerated expansion of the universe or 

in other way we can say that, some exotic dark fluid varies slowly with space and time, which 

dominates the present composition of the cosmos. Observations reveals a small and positive 

value of Λ at the present epoch. The concept of dependence of gravitational constant on 

cosmic time was first suggested by Dirac [3], which was analysed by several authors [4-7]. It 

is observed that, different argument based on variable 𝐺 is available in the literature [8]. 

Dirac proposed LNH, which leads to 𝐺 -varying cosmology. In view of Astrophysics 

variation of 𝐺 has interesting consequences. The present observational data support the 

consistent of 𝐺-varying cosmology is studied by Canuto and Narlikar [9]. The role of 𝐺 and 
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Λ is important in modern cosmology as it may provides hints towards the accelerating 

universe.  

 We have discussed above the different candidates of dark energy. Chaplygin gas 

(CG) is another candidates of dark energy with equation of state like 𝑝 =
−𝐵

𝜌
 (𝐵 > 0) [10, 

11], where 𝑝 and 𝜌 stands for pressure and energy density. The equation of state parameter 

for CG is generalized to 𝑝 =
−𝐵

𝜌𝑛
, 0 ≤ 𝑛 ≤ 1 [12-14]. This is called GCG (generalized 

Chaplygin gas). Again it is modified to the form (see [15, 16]):  

 𝑝 = 𝐴𝜌 −
𝐵

𝜌𝑚
, 𝑓𝑜𝑟 𝐴 > 0. (1) 

 This is called MCG (modified Chaplygin gas). The important aspect of the cosmological 

models is the behaviour of the cosmological solutions. The solutions of the cosmological 

models have different features like singularities and oscillation depending up on the matter 

content of the universe. One of the fascinating scenario is cosmological models with bounce 

solution, which provides a different view point with the Big Bang scenario [17, 18]. Belinsky 

et al. have investigated the generalized Kasner solution and discussed the oscillatory 

approach to a singular point, usually referred as BKL instability [19, 20]. Khoury et al. [21] 

have investigated the Ekpyrotic scenario for the beginning of the hot big bang universe, 

which favours the string theory and supergravity. Cai et al. [22] have devoted their study on 

the realization of matter bounce cosmology in view of 𝑓(𝑇) gravity. Shabani, and Ziaie [23] 

have analysed the bouncing behaviour of the universe in in 𝑓(𝑅, 𝑇) gravity for FLRW 

model. A bouncing scenario is discussed by Singh et al. [24] by the help of FLW model with 

a specific form Hubble parameter in 𝑓(𝑅, 𝑇) gravity.  

 Motivated by the above research, here I present the bouncing scenario cosmology for 

a FRW universe in 𝑓(𝑅, 𝑇) gravity with MCG in presence of variable 𝐺 and Λ.  

2  Gravitational field equations in 𝒇(𝑹, 𝑻) gravity 

 Harko et al. [25-28] has developed the 𝑓(𝑅, 𝑇) gravity, in which gravitational 

Lagrangian is considered as an arbitrary function of 𝑅 and 𝑇. Here 𝑅 and 𝑇.denotes the 

Ricci scalar and trace of the energy momentum tensor. Metric formalism is used for the 

derivation of the gravitational field equation. They have also derived the equation of motion 

of the test particles through the covariant divergence of 𝑇𝑖𝑗 . Models based on 𝑓(𝑅, 𝑇) 

gravity depends on the source term, representing the variation of 𝑇𝑖𝑗 w.r.t. 𝑔𝑖𝑗. The choice 

of 𝐿𝑚 is important as it generate set of field equations based on 𝐿𝑚. Harko et al. [25, 29], 

have discussed cases in which the 𝑓(𝑅, 𝑇)  has the forms as 𝑓(𝑅, 𝑇) = 𝑅 + 2𝑔1(𝑇) , 

𝑓(𝑅, 𝑇) = 𝑔1(𝑅) + 𝑔2(𝑇) and 𝑓(𝑅, 𝑇) = 𝑔1(𝑅) + 𝑔2(𝑅)𝑔3(𝑇). Here I have mainly focused 

on the case of 𝑓(𝑅, 𝑇) = 𝑅 + 2𝑔1(𝑇). Several research articles have been published since 

last decade and some of them are discussed above. In order to field the solution of field 

equations under the case 𝑓(𝑅, 𝑇) = 𝑅 + 2𝑔1(𝑇), let us consider the SF (scale factor) of the 

form  

 𝑆(𝑡) = 𝑆0𝑒
(𝑡−𝑡0)

2𝑛
, (2) 

 where 𝑆0  is a positive constant (dimensional) and 𝑛 ∈ ℕ+ . The Hubble parameter is 

defined and obtained as  

 𝐻 =
𝑆̇

𝑆
= 2𝑛(𝑡 − 𝑡0)

2𝑛−1 (3) 

 Before going to discuss the solution of the field equations, let us analysis the parameters i.e. 

scale factor, Hubble parameter, 𝑛 and 𝑡0. In view of the cosmic time 𝑡 and 𝑡0, there are 

three possibilities as follows: [i.]  

    1.  For 𝑡 = 𝑡0 or 𝑡 → 𝑡0, 𝑆(𝑡) = 𝑆1 > 0(constant) and 𝐻(𝑡) → ∞.  

    2.  For 𝑡 > 𝑡0, 𝑆(𝑡) = 𝑆2(constant) and 𝐻(𝑡) = 𝑆3 > 0(constant).  

    3.  For 𝑡 < 𝑡0, 𝑆(𝑡) = 𝑆4(constant) and 𝐻(𝑡) = −𝑆3.  
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 Again for 𝑛 =
1

2
, the scale factor 𝑆(𝑡) = 𝑆0𝑒

𝑡−𝑡0 and Hubble parameter 𝐻 = 1. 

This case lead to the de Sitter Universe. For 𝑛 <
1

2
, it is noticed that, 𝐻(𝑡) → ∞ when 𝑡 →

𝑡0. This means that Hubble parameter or some of its derivative diverges at 𝑡 = 𝑡0 leading to 

the finite time singularity. It is noticed from (ii) and (iii) that, Hubble parameter is negative 

and positive valued depending on 𝑡 > 𝑡0 and 𝑡 < 𝑡0 respectively. This indicates the two 

different cosmological history of expansion or contraction. In other words, universe start and 

end with a singularity. The finite time singularity is classified in to four type, which is 

presented in the Table 1.    

 

     

   
 

   

 Let us consider the line-element of the form  

 𝑑𝑠2 = 𝑑𝑡2 − 𝑆2(𝑡) [
𝑑𝑟2

1−𝑘𝑟2
+ 𝑟2(𝑑𝜃2 + sin2𝜃𝑑𝜙2)] (4) 

 which is known as Friedmann-Robertson-Walker (FRW) metric. Where 𝑘(= −1,0,1) is 

the curvature parameter.  

The energy momentum tensor for a perfect fluid is given by  

 𝑇𝑖
𝑗
= (𝑝 + 𝜌)𝑢𝑖𝑢

𝑗 − 𝑝𝛿𝑖
𝑗
 (5) 

 Here 𝑢𝑖 satisfies the condition 𝑔𝑖𝑗𝑢
𝑖𝑢𝑗 = 1 and it is known as flow vector. The 𝜌 and 𝑝 

indicates the energy density and isotropic pressure respectively. The non-vanishing 

components of 𝑇𝑖
𝑗
 are 𝑇𝑖

𝑖 =< 𝜌,−𝑝,−𝑝, −𝑝 >. The generated field equations based on 

𝑓(𝑅, 𝑇) gravity in presence of 𝐺 and Λ is expressed as  

 
𝑓𝑅(𝑅, 𝑇)𝑅𝑖𝑗 −

1

2
𝑓(𝑅, 𝑇)𝑔𝑖𝑗 + (𝑔𝑖𝑗 − ∇𝑖∇𝑗)𝑓𝑅(𝑅, 𝑇) − Λ(𝑡)𝑔𝑖𝑗

= [8𝜋 − 𝑓𝑇(𝑅, 𝑇)]𝐺(𝑡)𝑇𝑖𝑗 − 𝑓𝑇(𝑅, 𝑇)Θ𝑖𝑗
 (6) 

 where  

 
𝑇𝑖𝑗 =

−2

√−𝑔

𝛿√−𝑔

𝛿𝑔𝑖𝑗
𝐿𝑚 , Θ𝑖𝑗 = −2𝐺(𝑡)𝑇𝑖𝑗 − 𝑝𝑔𝑖𝑗 ,

𝑓𝑅(𝑅, 𝑇) =
𝜕𝑓(𝑅,𝑇)

𝜕𝑅
 𝑎𝑛𝑑 𝑓𝑇(𝑅, 𝑇) =

𝜕𝑓(𝑅,𝑇)

𝜕𝑇

 (7) 

 Next, we take one of the class of 𝑓(𝑅, 𝑇) as 𝑓(𝑅, 𝑇) = 𝑅 + 2𝑔1(𝑇) [25] along with (5) in 
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(6) leads to the field equations given by  

 𝐺𝑖𝑗 − Λ(𝑡)𝑔𝑖𝑗 = [8𝜋 + 2𝑔1′(𝑇)]𝐺(𝑡)𝑇𝑖𝑗 + [2𝑝𝑔1′(𝑇) + 𝑓(𝑇)]𝑔𝑖𝑗 (8) 

 where prime indicates differentiation w.r.t. the argument. For 𝑔1(𝑇) = 𝜆𝑇 (𝜆 is a constant 

)one can has the field equations as  

 𝐺𝑖𝑗 − Λ(𝑡)𝑔𝑖𝑗 = [8𝜋 + 2𝜆]𝐺(𝑡)𝑇𝑖𝑗 + (𝜌 − 𝑝)𝜆𝑔𝑖𝑗 (9) 

 In view of the above background we have the modified system as  

 3 (
𝑆̇

𝑆
)
2

+
3𝑘

𝑆2
− Λ(𝑡) = [(8𝜋 + 2𝜆)𝐺(𝑡) + 𝜆]𝜌 − 𝑝𝜆 (10) 

  

 2
𝑆̈

𝑆
+ (

𝑆̇

𝑆
)
2

+
𝑘

𝑆2
− Λ(𝑡) = −[(8𝜋 + 2𝜆)𝐺(𝑡) + 𝜆]𝑝 + 𝜆𝜌 (11) 

  

3  Solution of the field equations under exponential scale factor 

 The system of field equations has two equations and five unknowns (𝑆, 𝜌, 𝑝, 𝐺, Λ). 
In order to obtain the exact solution of the highly non-linear system, it is required to make the 

system closed. Therefore, we have used equation (1), (2) and the relationship among 𝜌 and 

𝑆 in the form  

 𝜌 =
1

𝑆𝛽
 (12) 

 where 𝛽 > 0 is a constant. 

Solving equations (10) and (11) we have  

 𝐺(𝑡) =
2

(8𝜋+2𝜆)(𝜌+𝑝)
[
𝑘

𝑆2
+ (

𝑆̇

𝑆
)
2

−
𝑆̈

𝑆
] (13) 

 and  

 Λ(𝑡) = 3 [
𝑘

𝑆2
+ (

𝑆̇

𝑆
)
2

] − 𝜆(𝜌 − 𝑝) −
2𝜌

𝜌+𝑝
[
𝑘

𝑆2
+ (

𝑆̇

𝑆
)
2

−
𝑆̈

𝑆
] (14) 

 With the help of equations (1), (2) and (12), gravitational constant and cosmological 

constant are expressed as  

 𝐺(𝑡) =
𝑆0
𝛽
𝑒(𝑡−𝑡0)

2𝑛𝛽(𝑡−𝑡0)
2𝑛−2(4𝑛2−2𝑛)−𝑆0

𝛽−2
𝑘𝑒(𝑡−𝑡0)

2𝑛(𝛽−2)

(4𝜋+𝜆)(1+𝐴−𝐵𝑆0
𝛽(1+𝑚)

𝑒(𝑡−𝑡0)
2𝑛𝛽(1+𝑚))

 (15) 

  

 Λ(𝑡) =
Λ0(𝑡−𝑡0)

4𝑛−2+Λ1(𝑡−𝑡0)
2𝑛−2+Λ2

𝑆0
2(1+𝐴−𝐵𝑆0

𝛽(1+𝑚)
𝑒(𝑡−𝑡0)

2𝑛𝛽(1+𝑚))
 (16) 

 where  

 Λ0 = 12𝑛2𝑆0
2 [1 + 𝐴 − 𝑆0

𝛽(1+𝑚)
𝐵𝑒(𝑡−𝑡0)

2𝑛𝛽(1+𝑚)] 

 Λ1 = 𝑆0
2(8𝑛2 − 4𝑛) 

 Λ2 = (1 + 3𝐴)𝑘𝑒−2(𝑡−𝑡0)
2𝑛
− 3𝑘𝐵𝑆0

𝛽(1+𝑚)
𝑒(𝑡−𝑡0)

2𝑛(−2+𝛽(1+𝑚)) 

 +𝜆𝑆0
2−𝛽

𝑒−(𝑡−𝑡0)
2𝑛𝛽(𝐴2 − 1) − 2𝜆𝑆0

2+𝛽𝑚
𝐴𝐵𝑒(𝑡−𝑡0)

2𝑛𝛽𝑚 

 +𝜆𝑆0
2𝛽𝑚+2+𝛽

𝐵2𝑒(𝑡−𝑡0)
2𝑛𝛽(2𝑚+1) 

 The other physical parameters like energy density and pressure takes the form  

 𝜌 = 𝑆0
−𝛽𝑒−(𝑡−𝑡0)

2 𝑛𝛽 (17) 

  

 𝑝 = 𝐴𝑆0
−𝛽𝑒−(𝑡−𝑡0)

2 𝑛𝛽 − 𝐵𝑆0
𝛽 𝑚𝑒(𝑡−𝑡0)

2 𝑛𝛽 𝑚 (18) 

 Equations (17) and (18) revels that, for flat, spherical and hyperbolic universe the energy 

density 𝜌 = 𝑆0
−𝛽

 and pressure 𝑝 = 𝐴𝑆0
−𝛽
− 𝐵𝑆0

−𝛽𝑚
 at 𝑡 = 𝑡0. For an accelerating universe, 

pressure most be negative so we have 𝐴 < 𝐵𝑆0
−(𝛽𝑚−1)

 at 𝑡 = 𝑡0. For 𝑡 > 𝑡0 or 𝑡 < 𝑡0, 

(𝑡 − 𝑡0)
2𝑛 > 0. When 𝑡 >> 𝑡0 or 𝑡 << 𝑡0 such that (𝑡 − 𝑡0)

2𝑛 → ∞, under such situation 

both the physical parameters 𝜌 → ∞ and 𝑝 → −∞. Here energy density and pressure are 
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decreasing function of cosmic time 𝑡. This can bethought of as a situation after and before 

the 𝑡0. At 𝑡 = 𝑡0, the gravitational constant 𝐺(𝑡) has the following form  

 𝐺(𝑡) =

{
 
 

 
 −

𝑆0
𝛽−2

𝑘

(4𝜋+𝜆)(1+𝐴−𝐵𝑆0
𝛽(1+𝑚)

)
, for  𝑛 > 1

2𝑆0
𝛽
−𝑆0

𝛽−2
𝑘

(4𝜋+𝜆)(1+𝐴−𝐵𝑆0
𝛽(1+𝑚)

)
, for  𝑛 = 1

 (19) 

 In case of 𝑡 > 𝑡0 or 𝑡 < 𝑡0 we have time dependent gravitational constant as (𝑡 − 𝑡0)
2𝑛 

and (𝑡 − 𝑡0)
2(𝑛−1) for 𝑛 ∈ ℕ+ does not make any difference to the terms present in 𝐺(𝑡). 

At 𝑡 = 𝑡0, the cosmologicaal constant Λ(𝑡) takes the form  

 Λ(𝑡) =
Λ3

𝑆0
2(1+𝐴−𝐵𝑆0

𝛽(1+𝑚)
)
, for  𝑛 ≥ 1 (20) 

 here Λ3 = (1 + 3𝐴)𝑘 − 3𝑘𝐵𝑆0
𝛽(1+𝑚)

+ 𝜆𝑆0
2−𝛽

(𝐴2 − 1) − 2𝜆𝑆0
2+𝛽𝑚

𝐴𝐵 + 𝜆𝑆0
2𝛽𝑚+2+𝛽

𝐵2 . 

Further for 𝑡 > 𝑡0 or 𝑡 < 𝑡0 we have time dependent cosmological constant as (𝑡 − 𝑡0)
2𝑛 

is positive in 𝑛 ∈ ℕ+ and it does not make any difference to the terms present in Λ(𝑡). The 

deceleration parameter of the model is defined and obtained as follow  

 𝑞 =
𝑑

𝑑𝑡
(
1

𝐻
) − 1 = [−1 +

1

2𝑛
]

1

(𝑡−𝑡0)2𝑛
− 1 (21) 

 From the expression in (21), it is noticed that −1 < −1 +
1

2𝑛
< 0 for 𝑛 ∈ ℕ+. Thus,  

 𝑞 = {
−∞, at  𝑡 = 𝑡0

< 0, at  𝑡 > 𝑡0    𝑜𝑟    𝑡 < 𝑡0.
 (22) 

 which follow the observational results and we have the accelerating model of the universe. 

One of the important parameter in cosmology is the Jerk parameter, which is useful to 

analyze the universe dynamics. Also it helpful to describe the closeness between the ΛCDM 

and derived models. It is denoted as 𝑗 and defined as  

 𝑗 =
𝑆2

𝑆̇3
𝑑3𝑆

𝑑𝑡3
 

In terms of deceleration parameter, it takes the form  

 𝑗 = 𝑞 + 2𝑞2 −
𝑞̇

𝐻
 

and it is obtained as  

 𝑗 = 1 + (1 −
3

2𝑛
+

1

2𝑛2
)

1

(𝑡−𝑡0)4𝑛
+ (1 −

1

2𝑛
)

3

(𝑡−𝑡0)2𝑛
 (23) 

 The jerk parameter 𝑗 = ∞ at 𝑡 = 𝑡0 and when the difference between 𝑡 and 𝑡0 is very 

large i.e 𝑡 − 𝑡0 → ∞, 𝑗 → 1 for 𝑡 > 𝑡0 or 𝑡 < 𝑡0. In such scenario our model is closed to 

ΛCDM model (See [26] and reference there in).  

4  Discussion and Concluding Remarks 

 FRW field equations are solved for 𝑓(𝑅, 𝑇) = 𝑅 + 𝜆𝑇 gravity under a specific form 

of scale factor 𝑆(𝑡) = 𝑆0𝑒
(𝑡−𝑡0)

2𝑛
. The presented solution is free from the initial singularity 

for 𝑛 ∈ ℕ+ but solution has soft type of singularity due to the diverging nature of the higher 

derivative of 𝐻  at 𝑡 = 𝑡0 . The energy density and pressure have similar qualitative 

behaviour for flat, spherical and hyperbolic type universe due to the assumed relationship 

among the scale factor and energy density. For 𝑛 > 1 we have  

 𝐺(𝑡) =

{
 
 

 
 −

𝑆0
𝛽−2

(4𝜋+𝜆)(1+𝐴−𝐵𝑆0
𝛽(1+𝑚)

)
, for  𝑘 = 1

0,    for  𝑘 = 0

𝑆0
𝛽−2

(4𝜋+𝜆)(1+𝐴−𝐵𝑆0
𝛽(1+𝑚)

)
, for  𝑘 = −1

 

. The above expression revels that for 𝑆0 > 0, in spherical universe we have 𝐺(𝑡) > 0 
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under 𝜆 < −4𝜋 , 1 + 𝐴 > 𝐵𝑆0
𝛽(1+𝑚)

 or 𝜆 > −4𝜋 , 1 + 𝐴 < 𝐵𝑆0
𝛽(1+𝑚)

 and 𝐺(𝑡) < 0 

under 𝜆 > −4𝜋, 1 + 𝐴 > 𝐵𝑆0
𝛽(1+𝑚)

 or 𝜆 < −4𝜋, 1 + 𝐴 < 𝐵𝑆0
𝛽(1+𝑚)

 at 𝑡 = 𝑡0 . In case 

of flat universe, no effect of gravitational constant is noticed. In case of hyperbolic universe 

for 𝑆0 > 0 , we have 𝐺(𝑡) > 0  under 𝜆 > −4𝜋 , 1 + 𝐴 > 𝐵𝑆0
𝛽(1+𝑚)

 or 𝜆 < −4𝜋 , 1 +

𝐴 < 𝐵𝑆0
𝛽(1+𝑚)

 and 𝐺(𝑡) < 0 under 𝜆 < −4𝜋, 1 + 𝐴 > 𝐵𝑆0
𝛽(1+𝑚)

 or 𝜆 > −4𝜋, 1 + 𝐴 <

𝐵𝑆0
𝛽(1+𝑚)

 at 𝑡 = 𝑡0. For 𝑛 = 1 we have  

 𝐺(𝑡) =

{
  
 

  
 

2𝑆0
𝛽
−𝑆0

𝛽−2

(4𝜋+𝜆)(1+𝐴−𝐵𝑆0
𝛽(1+𝑚)

)
, for  𝑘 = 1

2𝑆0
𝛽

(4𝜋+𝜆)(1+𝐴−𝐵𝑆0
𝛽(1+𝑚)

)
, for  𝑘 = 0

2𝑆0
𝛽
+𝑆0

𝛽−2

(4𝜋+𝜆)(1+𝐴−𝐵𝑆0
𝛽(1+𝑚)

)
, for  𝑘 = −1

 

. The above expression revels the impact of gravitational constant in flat, spherical and 

hyperbolic universe and the behaviour is presented in the Table 2. The qualitative behaviour 

of Λ(𝑡) is similar in flat, spherical and hyperbolic universe. For 𝑛 ∈ ℕ+, 𝑞 is diversing at 

𝑡 = 𝑡0 and 𝑞 < 0 at 𝑡 > 𝑡0 or 𝑡 < 𝑡0, which reflects to accelerating expansion history of 

universe. Further, the constructed model is approaching to ΛCDM model when difference 

between 𝑡 and 𝑡0 is very large. More interesting results can be derived for 𝑛 ∈ ℤ but here 

emphasis is given to only 𝑛 ∈ ℕ+. 
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