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Abstract

This paper deals with the mappings having the unique common fixed point in the closed
ball in b-multiplicative metric spaces and also common fixed points of locally contractive
mappings in b-multiplicative metric space with applications.
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1. INTRODUCTION

A metric space is a non-void set together with the structure established by a well-defined
notation of distance. The word ‘metric’is introduced from the word metor (measure). The
distance functions are learned as metric in mathematical literature.

In 1905, the distance functionswere first introduced by Maurice Frechet (French
mathematician) and he interested in distance of generalizing concepts and advancing them to
arbitrary sets.The source of fixed point theory belonging to the approach of successive
Approximation meant for proving the presence of solutions of Differential equation
introduced by Joseph Liouville in 1873 and Charles Emile picard in 1890.But it was perfectly
initiated in the twentieth century (beginning) as an influencial part of analysis. The fixed
point theory is a beautiful mixture of analysis (pure and applied), topology and geometry.

The fixed point and common fixed point theorems for difference types of non-
linearContractive functions have been determined by numerous researchers.

Fixed point problems containing various kinds of inequalities like that Schwarz
inequality,minkowski’s inequality,Cauchy inequality and it is obtained by various author.

In recent times,various researchers have determined the fixed point, paired fixed
point,Common fixed point and the theorems on four self mapping having the unique fixed
point in b-multiplicative metric space and the other spaces.

The idea of weakly commutative mapping and the proof of some common Fixed point
theorems for these mappings was proposed by Jungck and Rhoades.

The multiplicative metric space was established by Bashirov et al., during the period
of 2008. The two person named Ozavsar and Cervikel determined the notion of convergence
in multiplicative metric space (MMS) and they both studied some fixed point results in that
space.
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2. PRELIMINARIES
Definition 2.1: (Multiplicative metric space)[1]
Let Q be a non-empty set. Let A:2°>—R* be a function is said to be multiplicative metric
on Q provided for any s, t, uin Q the below conditions are satisfied:
o A(s,t)>1and A(s,t)=1 iff s=1t
o A(s,t)=A(t, s)
o A(s,t) <A(s, u).A(u, t)

Then the pair (,A)is known as multiplicative metric space.

Example 2.2:
Let R} be the collections of all p tuples of positive real numbers and Q equal to

RE. Then A(S,)=51/t1, 52/t ) wvv wvv vvv wvv wee e Sp/ £y | it gives a multiplicative metric on Q.

Definition 2.3: (b-multiplicative metric space)
Let P be a nonempty set and q >1 be a given real number. A mapping
r:Q x Q—J 0,00) is said to be b-multiplicative metric if the following condition satisfied:
a) r(s,t)>1foralls,t € Pwiths#tandr (s, t)=1 ifand onlyifs=t
b) r(s,t) =r(t,s) for all s,t € P
c) r(s,u) <r(s,t)?. r(t,u)?

The triplet (P,r,q) is said to be a b-multiplicative metric space.

Example 2.4:

Let Q=[0,0). Let H} be a mapping H},:Q x Q — [1,0) by Hh(s,t)=h(5‘t)2, Here fixed
h >1 be a real number. Then for each a in Q.H} is a b-multiplicative metric space with
g=2.Here we see thatH}is a not a multiplicative metric space.

Definition 2.5:(Multiplicative convergent)

Let Q be a multiplicative metric space and choose an arbitrary point Spin  and pu>1.
Let B(Sy, 1) be themultiplicative open ball with radiusu centered atS, is the set

{te Q : A(t,Sg)<u}.

Let {S,} be a sequence in multiplicative metric space Q is said to be multiplicative
convergent to a point s in Q provided for any given u>1, there is n in N such that S,in
B(s, u) for all n in N. Let {S,,} be a sequence in Q is said to be multiplicative convergent to s
in Q if and only if A(S,,,s) =1 as n— oo.

Definition 2.6:(Multiplicative continuous)[3]

Let (2, Ag) and (A, A;) be the multiplicative metric spacesand choose an arbitrary fixed
point syin Q.Define a mapping h: Q@ — A is called a multiplicative continuous at
Spiffs,—sy in (Q,Aq) implies h(s,, )—h(s,) in (A,A,) for every {s, } in Q. Let u>1be given,
there existsp(sg, i)>1 such that A;(hs,hsy ) <u whenever Aq(s,s,)<p for s in Q.
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Definition 2.7:(Multiplicative Cauchy sequence and complete)[4]

Let (Q, A) be a multiplicative metric space.
Let {s,} be a sequence in Q is called multiplicative Cauchy sequence if for
any u>1, there exists n in N such that A (s;,s;) <p foralli,j> N.
Let (Q, A) be multiplicative metric space and it is said to be complete provided that
every Cauchy sequence {s,, } in Q is multiplicative convergent to a point s in Q.

Definition 2.8:(Multiplicative Cauchy)[3]
Let (2, A) be a multiplicative metric space.Let a sequence {s; } in Q is said to be
multiplicative Cauchyiff A(s;,s; ) — las i,j —o0.

Definition 2.9: (Fixed point)[1]
Let a, B: Q— Q be the maps. Let choose a point s in Q is said to be
= Fixed point of hifhs=s;
= Coincidence point of the pair {a,p} if as=Ps;
= The pair{a, B} have the common point if s = as=fs.

Definition 2.10:(B-multiplicative contraction)[6]

Let (Q,A) be a complete multiplicative metric space and a,B:QQ— €. The mapping a is said
to be p-multiplicative contraction if there exists m in [0, 1) such that
A(as,ot)<(A(Bs,pt))"for all s,t in Q.

Definition 2.11:(Multiplicative contractive)[2]

Let (©2,A) be a complete multiplicative metric space. A mapping a:Q— is called a
multiplicative contractive if there existsd in [0,1) such that

A(os,at)<(A(s,t))*for all s,t in Q.

Definition 2.12:(Weakly commutative)[5]

Let (Q,A) be a complete multiplicative metric space. Consider a mapping a,
B:QQ— Q. The pair (a,p) is said to be
Commutative if o f s=p a s,weakly commutative if A (a Bs,Bas) <A (as,[s)forall sin
Q.

3.MAIN RESULTS
In this section we discuss some results on “Common fixed points of locally contractive
mappings in b-multiplicative metric spaces ” and these can be extended to results
on“Common fixed points for weak commutative mappings on a multiplicative metric spaces
THEOREM 3.1:

Let Q be the complete b- multiplicative metric space and define a and B are two maps
on a complete b-multiplicative metric space Q.In Q) choose sy an arbitrary point. Assume

that there exists p in [0,1) such that
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A (as,pt) < A(s,t)#(3.1)

for any s,t in m and A(sp, a(sp))< att™ is satisfied.In m,there exist a unique
common fixed point of o and .
Proof

Let sy be a given point in Q.
Consider a sequence {s;} in Q such that s,;,1=0(S5;) and S5;12=P(S2;41) for all i>0.
We assert that s; in W for all i in N. Note that
A (Sg,51)= A(Sp,a(Sp))< alt=M< a. (3.2)
= 5,inBy(5p, ). Let S5, S3 wee cvv vevvev.. Sy i By (5o, @)
for some n in N. Clearly, if n=2m+1,then
A (Sam+1-S2m+2)= A (AS2m.BS2m+1)

< A (Sam»Sam+1)*

2
<A (Szm-1,S2m)*

2m+1

<A (sg,51)* (3.3)
In this same way, if n=2m+2, then
A (Soam+2-S2m+3)= A (@Som» BSoam+2)
<A (Szm-Sam+2)¥

<A (Sym-2:Som)*

<A (sg.5)* " (3.4)
Hence for any m in N, we obtain

A (SmsSm1) < A (50,5

Now, using triangular inequality for b-multiplicative metric space and ¢>1.We have

A (Sg,Sm+1) <A (50,51)1.A (51,52)1.A (52,53)9A ... (SmsSm+1)? (3.4)
whichimplies that
A (S9,Sme1) <A (59,51)1.A (59,51)H.A (50,51)‘”‘2 ........ A (5q,51) 1™
Where g>1,
Thus we get the term,
A (Sp,Sm+1) <A (50,51)94.A (59,51)*.A (so,sl)q”2 ................ A (5g,5,) "
<A (50’51)(q+qu+qu2...........qym)

THp+pZ . m)
SA(SO,Sl)q( Ut u
1_#m+1)

<A (50,51)q( a-m

Where g>1, we know that if s; in By (s, a)

_ 1_#m+1)
Then A (5g,551) <(@ 7 @0 )<a@#™< g for all m in N,
Hence sy,,,1in By(sp,a).By induction on i,we deduce that {s;} in By (s, a)
for all i in N. Now we prove that {s;} is Cauchy in By (t,, a).Therefore for each ¢, d in N such
that k>1,
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Now, using triangular inequality for b-multiplicative metric space, and g>1
A (Siask) <A (Si,SH_l)q.A (Sl'+1,5i+2)q. .................... A (Sk_l,S'k)q

< A (50,51) T A (50,5) T A (50,50 T . A (S,51) %"
<A (SO,Sl)q(”i+”i+1+"’+”k_l)
<A (so,sl)q("i+“i+1+"")
<A (so,sl)Q(%
where ¢>1, taking limit as k,i —oo0 we obtain A (sg,s;) —1. Hence {s;} is a multiplicative
Cauchy sequence. By the completeness of Q (we know that every Cauchy sequence is
convergent) it follows that lim;_,, s;= p for a point pinm.
Also,we have
A (S2i+1> Bp) = A (0524, Bp)= A (524,p)*(3.6)
Taking limit as 1 —o0 on the both sides of the equation (6)
A (p, Bp)< A (p.p)*

Thus, p is a fixed point of . In this same manner,we can note that p is the fixed point of a.
Hence we conclude that p is common fixed points of a and B inm. Indeed, if v is
another fixed point of a and f3, then
A(p,v) = A (ap, fv)< A (p,v)#which implies that p=v.
Hence proved.
THEOREM 3.1.2:

Let Q be the complete b-multiplicative metric space and define &,y,a and B are the
self-maps of a complete b- multiplicative metric space Q and (a,&) and (B,v) are weakly
commutative with EQc BQ, yQc a2, and one of &, vy, a and B is continuous. In Q for some

given point s if Esp=tpand there exists o in (O,;l) with Vzl_iqg such that

A(Es,ys)<(H (s,1))® for any st € B, (to, ), (3.7)

Is satisfied

where J{(s,t)=max {A(os,Bt),A(0s,Es),A(Bt,yt),A(Es,Bt),A(as,yt) }. In By (to,a), there exists a

unique common fixed point of o,y,& and P it provided that A(ty,ys;)<a®®~?) for some s; in
Q.

Proof
Let given point s, in Q. Given EQ cBQ, let us choose a point s; in € such that Esy=Ls;=t,.
Similarly, there exists a point s, in Q such that ys;=as,=t;. Indeed it follows from the
assumption that yQc aQ. Let us consider the sequences {s;} and {t;} in A such that
t2i=€S2i=PS2i+1 » t2i+17VS2i+170S2i+2
Now we assert that {t;} is a sequence in mNote that
A(to, t1) =A(te,¥s;) <a'~)< a. Hencet; in m we assume that Sy, ... co vev er we Sy IN

B, (to,a), for some n in N. Then, if n=2m, it follows that from equation (3.7)

A(tam tam+1) =AES2m,WS2m41)
< (max ({A(aS2m,BS2m+1);
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A(GSZm:&SZm)aA(BSZm+1aW52m+1)aA(&52m’BSZm+1)aA(a52ma\V52m+1)})6 <(max
(1A(tzm-1-t2m)s
A(tzm-1,t2m)-MEamtame1):Atam tzm ) Atzm-1,tzm+1)})°
<(max ({A(tzm-1,tzm)> Mtzm-tams)s L, Atzm-1.tzm+1)})’
Now, using triangular inequality for b-multiplicative metric space and g>1
We have
< (max ({A(tzm-1.tzm)
Atzms tams1)s LA zm-1, tam) T Atz tams1) 11
= Mtzm-1-t2m) % Atzm) trm+1)?® Where ¢>1,

Implies that A(t,, tome1) S(A(tzm—1, tom) )Y for all m in N, where Vzl_;sqs

In this same way assume, n=2m+1 and we get
A(tam+1, tam2) S(A(tamstzm+1)”
Hence
A(tm, tme1) <A(tp—1, ty)® formin N
Therefore
2 m
At tms 1) A Em—1tm) " <A(Em—2:tm=1)? Seoeereeeeeeeeeeeseeseeses <(to.t1)?
for all m in N.
Now, using triangular inequality for b-multiplicative metric space and g>1. We have

At tmer) SA(Eost) A (t1,t2) A (Egsts) e Atmstmer)?
Thus
A(to, tmer) <A(Egst1) LA (Egst) A (Egst) TV oo, Alto,t)T"
< A(to’tl)q(1+v+---vm)
(1-pMm*1)

< Alto,ty)" O
where g>1, since t; inBy (o, a),we have the inequality is

1_vm+1)

Alto, tmer) < (@7 @ <q@v™ "< a for all m in N this implies that t,,,, €
By (ty,a), by induction on i, we conclude that {t;} in < By (t,,a), for all i in N.

Now we show that the sequence {t;} satisfies the multiplicative Cauchy criterion for
convergence (By(tg,a),A). Let 1,j in N such that j>i,now using triangular inequality for b-

multiplicative metric space and q > 1 we have

A(t;, ) <A(L;t41)7 A (Eip1otiv2) DA (Eigsting) o Aty1)°
<A(to,t) 1" A (to,t) T A (tgut) T e, At )™
SA(to,tl)(](vi+vi+1+4.._)

SA(tO,tl)q((l%)) Where g>1,
Consequently, A(t;, tj) — 1 as i,j— oo. Hence the sequence {t;} is a multiplicative Cauchy
sequence.

Given A is complete so is m. Hence {t;} has a limit point, taken u is a limit point
in W and must {t;} has a subsequence.

Let {Es3;} = {Bszi+1} = {ta:} and {ysyi41} = {05142} = {t2i41) are the Subsequences
of {t;} makes
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limy,o §82; =limy o, BS2i41= limy 0 PSz141=limy o, @S2i42 = .

Let us assume that a is continuous; then
lirni—mo a(fsﬂ )=a(limi—>oo ESZL'): a(limi—mo S;SZL'+2): a (p)
The pair {a, &} are weak commutative, we get
A(a(§s2), € (asz;)) < Aoy, §52;) (3.8)
Taking limit as i—o0 on the both sides of the above inequality,we get
A(a(p),lim;_, & (as2; )< Ap.p),
Which implies that lim;_,., £ (as,; )=o(p). Using the condition (3.7),we have
A(E(0527),WS2i4+1) <(max ({A(a?s2;,BS2i41),

A(QZSZia&szi)aA(BSZH19W52i+1)7A(E.>52iaBSZHI)aA(aZSZia\VSZi+1)})6(3-9)

Taking limit as i— oo on the both sides of (3.8), we have

A(op,p)<(max{A(a. p,p),A(0p,ap),A(p,p), A(ap,p), A(ap,p)})°
Which implies that A(op,p)< A(ap,p)® we conclude that A(ap, p)=1 and p is a fixed point of
a. In this same way using the condition (3.7) we obtain

AE(P),Ws2i+1) < (max ({A(0p,Pszir1),
A(ap5ép)>A(BSZi+15\|ISZi+1)’A(épJBSZi+1)5A(0“p9WSZi+1)})6(3'10)
Taking limit as i —oo we obtain,
A(&p,p) <(max ({A(ap,p), ApEp),A(p:p)-AEP.p),A(p,p)})°
A(Ep.p)< A(Ep,p)®hence A(Ep,p)=1 and p is the fixed point of P.
Because of the fact that p=E(p) € ¢ (B, (to,a)) < B( B,(to,a)),
letp™ in By (to, a)be suchthat p=B(p*). So it follows from the equation (3.7)
A(p,yp")=AE(P).vp")
< (max ({A(ap,pp”),
A(op,Ep),ABP" Yp™),AEp.Bp™),A(ap,yp ) 1),
Hence A(p,yp*)=1 and p=yp*. We know that {a,y} is weakly commutative from our
assumption,thus
A(Bp.yp)= AByp”yBp™) <ABp",yp")=A(p.p)=1.
Hence Bp=yp again using the eqn (*),we get
A(p,yp™)=AE(p).wp)

<(max ({A(ap,Bp), Aap,Ep),A(Bp,1¥p),A(ED,Bp).A(ap,yp)})° (3.11)
Hence p=yp™ and u is common fixed point a,f,§ and y in By (t,, a).

If B is continuous,then we can proceed in this same arguments,we obtain that
p=a(p)=B(p)=w(p)=(p). Now assume that & is continuous.Thus

limy, o, § (as2; )=E(lim;o0 $52; )=C(p).
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Since the pair {a, &} is weakly commuting, we obtain
A(0((ES21),8(0s2:))<A(asy;, E52;)(3.12)
Taking limit as i—o on the above equation we obtain
A (lim;_,, a(ES2;),Ep) < A(p,p)=1 and  lim;_,; a(&s2;)=E(p)-
By condition (3.7) we have
A(E(ES2:),yS2i+1) <(max ({A(a Es21,BS241),
A0 ES21,0 £520), MBS 2141:¥52141)-AEES20B52041)-A(0 E520,9S2:41)1)° (3.13)
Taking limit as i—oo on the both sides of (3.13)we obtain A(Ep,p)< A(Ep,p)°®
Hence A(Ep,p)=1 and p is a fixed point of & in By (o, a). We know that that
p=E(p) € & (By(to,a)) S P( By(ty,a)).let p* in By(ty,a) be such that p=P(p*). Again using
equation (3.7)
A(&(Es2:):wp™)
<(max ({A(o &s2;,pp"),
A0 ES24,0 E520),ABP" WS2141)-D(EES2iBP ™), A Es2i,yp")})° (3.14)
Taking limit as i—o0 on the both sides of (3.14) implies that

A(p,yp*) < A(p,yp*)®. Hence p=yp*. Since the pair {y.B} is weakly commutative then,

A(yp,BL)= A(yBL OO )< A(y " ,BUT)=A(p,p)=1.
Which implies that yp=p []. from (3.7)we get
AET )W)
<(max({A(ay,BU),A 30,00 50),ABD W04 )AL 50,BLY),
Ao
(3.15)
Taking limit as i—oo on the both sides of (3.15) implies that
A(p,yp)< A(p,y )
Hence p = yp.
p=v(p) € T (0-(0y,a)Sa( T (0ga))letr in 0 (0, a) be such that p=a(r).
Again using equation (3.7) the we obtain the below equation
A(&).p)
<(max ({A(ar,Bp).AELBP), A(Bp,YP),AErBp),A(ar,yp)}) (3.16)
Implies that A((Er),p)< A((Er),p)"
Hence &r=p.
We know that {&,y} is weakly commutative from our assumption,thus
A(Ep,y L)=APyr,y L L)<A(Br,y [1)=A(p,p)=1land Ep=y L.
Applying condition (3.7),we obtain
A(Ep.p)=A(Ep.yp)
<(max({A(ap,Bp), A(ap,Ep),A(Bp,wp),AEp,Bp),A(ap,yp)}) " (3.17)
= (max ({A(Ep,p), A(Ep.Ep),A(BP,wP),A(EpP.p),AEP,yP)})
Hence & p=p and p is a common fixed point of o,y and & in([1 ([, a).

3172



European Journal of Molecular & Clinical Medicine

ISSN 2515-8260 Volume 07, Issue 09, 2020

To assert that the uniqueness of the common fixed point of the maps a,, v and & so, choose y
in [J;, (g, a)is the another common fixed point of o.f,y and &.

A(p,y)y=A(Ep,vy)

<(max ({A(ap,By), A(ap,Ep).ABy.vy).AEp.Bp).A(ap,yy)})
That isA(p,y)< A(p,y).We conclude that p=y and this implies that the common fixed points

of o,y and & is unique.
Hence proved.
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