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Abstract - In this paper we will introduce Bi-variate Bi- periodic Jacobsthal matrix polynomial

sequence which is defined as J,,(x,2) = (X, 2)Jy-1 (% 2) + 2h(2)]—2 (%, z) if n is even and ,,(x,z) =

V(X,2)Jn—1(%2) + 2h(2)]n—2(x,7) if n is odd with initial conditions Jo(x,z) = [(1) (1)] and J;(x,2) =

v(x2)
v(x2) 2h(z) u(xz)[. We will find generating function, well-known Cassini’s identity, determinant

1 0
and Binet’s formula for the polynomial sequences. Also, we will find summation formula for this

generalized matrix polynomial sequence. Hq(x, z) generating matrix and a few related results for Bi-
variate Bi-periodic Jacobsthal polynomial sequence will also be discussed.

Keywords: Bi-variate Bi-periodic Jacobsthal polynomials, Cassini’s identity, Binet’s formula,
Generating Function, Generating Matrix
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1. INTRODUCTION

In [1] Bala and Verma defined a polynomial sequence called Bi-periodic Jacobsthal polynomial sequence
and discussed some results. Hadamard product for Bi-periodic Fibonacci numbers and Bi-periodic Lucas
generating matrix sequences was defined by Coskun and Taskara [2]. They also discussed some
properties. In [3] Coskun and Taskara introduced Matrix representation of Bi-periodic Fibonacci numbers.
In [4] Uygun introduced new sequence called Bi-periodic Jacobsthal sequence and discussed their
properties. In [5] Uygun introduced Matrix representation of Bi-periodic Jacobsthal polynomials and
explained a few properties of the representation. In [6] Uygun defined Bivariate Jacobsthal and bivariate
Jacobsthal-Lucas matrix polynomial sequences, established some relations and discussed several
properties. Generalized bivariate Jacobsthal and Jacobsthal-Lucas polynomial sequences was defined by
Uygun [7] and a few properties was also discussed by him. Verma and Bala [8] defined a polynomial
sequence called Bi-variate Bi-periodic Fibonacci polynomial sequence and established some important
results.

1.(a) Definitions and Lemmas

Definition 1.1: For any u (x,7), V(x,z) and h(z) belonging to R — {0}, X,z belonging to R and n € N the
bivariate bi-periodic Jacobsthal matrix polynomials is given

i (x2) = {u(x, Dn-1(%2) + 2h(2)]_2(x,2) if nis even
" V(% 2)in1(%2) + 2h(D)n_2(x,2) if nis odd

v(xz) 2h(2) % _

1 0
Definition 1.2: Bi-variate Bi-periodic Jacobsthal Hq(x, z)-generating matrix is defined as

n =2 (1.1.1)

with initial conditions J,(x,z) = [é 2] andj;(x,2) =
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v(x3)
Hq(x, z)=[”(x' 2) 2h() ri%] (1.1.2)
1 0

Definition 1.3: For any u (x,7), V(x,z) and h(z) belonging to R — {0}, X,z belonging to R and n € N the
bivariate bi-periodic Jacobsthal polynomials is given by

(%7) = {u(x. Z)jn-1(%2) + 2h(2)jn-2(%,2) if niseven
n 0% s (%,7) + 20Dz (x,7) if nis odd

with initial conditions j,(x,z) = 0,j;(x,2) =1

2 (1.1.3)

Joxz) =0, ji(xz2)=1  j,(x72)=uxz), Jj3(x2z2)=ulx2)v(x7z)+ 2h(2),
Jja(%,2) = u(x,2)*v(x,2) + 4u(x,2)h(z)

Characteristic equation of the bivariate bi-periodic Jacobsthal matrix polynomial and Bivariate Bi-periodic
Jacobsthal polynomial

22 —u(x%,2)v(%, 2)A — 2u(x, 2)v(x,2)h(z) = 0 (1.1.9)
with roots 4, (x,z) and A, (x, z) given by

u(x,2)v(x,2) + J (u(x,2)v(%,2))° + 8u(x, 2)v(x,2)h(2)
2

A(%2) =

and

~ux,v(x,2) = ux2)v(%,2))? + 8u(x, )v(x, 2)h(z)
A(x%,2) = 5

Lemma 1.4 The 4, (x,z) and A,(x,z) defined by (1.1.3) satisfies the following properties

() (A1 +2h(2))( A2 + 2h(z)) = (2h(2))?

(i) A+ A =ux2)v(xz)

(i) A A = —2u(x 2)v(x,2)h(z)

V) ()2 + (1) = (u(x 2)v(x2)” + 4u(x 2)v(x 2)h(z)
V) —(4 (A2 + 2h(2)) = 2h(2)A,

(i)  —(A2(A1 + 2h(2)) = 2h(2)A,

) _ ot
(VII) (/12 + Zh(Z)) - u(x,2)v(x,2)

21)?
(viil) (4 +2h(2) = 22— sz)f —
Wecanuse 1; (x,z) =1, and A, (x,2) = A,

Lemma 1.5: For any non-negative integer n, we have
Jan(%2) = (UGt 2)V(%,2) + 4h(2)) Ton-2(52) — (2h@)) Tan-a(x,2) (1.5.1)

Janr1(%2) = (W% DV(x,2) + 41(2)) fan1 (% 2) — (21(2))” Tan—3(x,2)
(15.2)

Proof: Proof is obvious by using definition of the Bivariate Bi-periodic Jacobsthal matrix polynomial
sequence.

2. Main Results
Theorem 2.1: For any ne N U {0}, the nth Bivariate Bi-periodic Jacobsthal matrix polynomial sequence
is given by:
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A (B2 ) 2h@ 222
= n(57) 2h@) (2) ™ ), L (x2)
In\X 7 Z w(x2) Jn-1\X7%

Proof: We will proceed with help of Principle Mathematical Induction. Here j,, is denoted as bi-variate bi-
periodic Jacobsthal polynomial. Firstly, we will check validity for n=0 and n=1 respectively as follows:

Joe = k (42) Zh(2) G5 o)
o(%,2) 2h(2)j_1(%,2)

Where jo(%,2) = 0, j;(%2) = 1, j;(x2) = u(x,2),and j_,(%,2) = ——

2h(z)

So,

F v(x72) .
io(X,Z) = ]_1(&2) 2h(z) u(>_<uz)]0(X"Z) = [é 2]

jo(%2)  2h(2)j-1(x,2)

[ v(x2)\$D v(x2) .
- _ (u(m)) J2%7)  2h(z) 51 (% 2) v 2h@)E2
J1(%,2) o) o)

(%2 2h@) (522)" o (x,2) 1 0

Now, let us suppose that the result is true forn = k

{CINy .
. (L) ek 2@ (2
Je(xz) =" 5

. ( ,

(% 2) 2h@) (55) " je-a (x,2)

Now, let us check the validity for n = k + 1. Let us assume that k isodd son = k + 1 is even

w(%,2)Jk (%, 2) + 2h(2)]x-1(%,2) if k + 1is even
v(x,2)Jk (% 2) + 2h(R)]k-1(x,2) if k + 1is odd

Jii1(%7) = u(x,2) ®v(x,2)1 2 ®f (x,2) + 2h(@)]r_1 (%, 2)

v(x2))* ) v(x3z) .
(B D) 2@ B, (x2)

o\ EO)
Ji(%2) 2h(7) (22B)" Jima (%,2)

u(x2)
2 2h@ B (x2)

)f(k—l)

ik+1(xv zZ) = {

Jrr1 (% 2)=u(x, ) ®v(x, 7)1 = ® +

(V(&z))f(k_l)
Zh(Z) u(x,z)

jea) 2R (5

Jk-2(%2)
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v(X, Z)) v(X,2)
Jk+2(%2)  2h(Z) ——Jjk+1(X2)
<u(x, 2) u((x, Z)) if kiseven
i =1 &2 20 )( - Z)) ji(%2)
\jk+2(&2) ( ) EX’Z;]k+1(X‘:Z) lfk is Odd
\ k+1 (X 2) 2h(2)j(%,7)

Hence, we end up with the conclusion that it is true for n=k+1. Similar result can be proved for even k.
Hence the result.

Theorem 2.2: For any non-negative integer n, determinant can be given as

. n v(x2)\$ ™
det ] = (2h(@)" (-222)
Proof: we know that

0(%,7)

v\ D |
(u(X;Z)) J2 (Xu Z)

det [J,]=det
jl (Xu Z)

[ (v(x2)\$ @ .
(u(&z)) Jj3(%7)

det [J,]= det
J2(%,2)

v\ .
(u(x,,z)) Ja (Xu Z)

det [J3]= det
j3 (Xv Z)

[ (v(x2) HON
(u(&z)) Js(%7)

det [J,]= det
Ja(%,2)

2h(z)1—1(><u z)

2h(2) 252 1 (x,2)
2h() (222)" jy(x 2
2h(2) 5o (%, 2)
2h() (22)* (5 2)|
2h(z) Zf‘“zijg *%2)
2h() (22)" x|
2h(2) 1’12314(&@
2h() (L22)" jy (x,2)

on continuing the process, we can observe that

det [f,] = (2h(@))" (-

u(x,2)

v(xvz))g(”)

- et [v(& 2) 2h(z) 2

1

=(2h(2)"

3v(x7)
=—(2h) u(x72)

=(2h(z))*

Theorem 2.3: (Cassini’s Identity) For any non-negative integer n, we have

(u(x, z)
v(x,2)

2&(n) X X
> Jn-1(%2)n+1(x%,2) — (

v

u(x,z)
(%,2)

) o (%2) = (2h(2)" (

w0 |=—2h(2) Zgig
0

u(x, z))f(n)
v(X,7)
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Proof: Proof is obvious by theorem 2.1 and theorem 2.2.

Theorem 2.4(Generating Function). For every m € N, the generating function of the bivariate bi-periodic
Jacobsthal Matrix polynomial sequences are denoted by K(t)

Jo+Tit+ (uj1 - (uv + Zh(Z))To)tz + +2h(z)[v]o — J1]¢3
1— (u(x2)v(%2) + 4h(2))t? + (2h(2))?t*
Proof: K(t) is representing in the form of power series

K(t) =

KO = ) TaGu e
m=0

We can write K(t) as K(t) = K, (t) + K;(t)

Where theK, (t) is even part of the series

Ko(®) =Jo(x,2) +Jo(x,2)t2 + - = Z

TZn(Xa Z)th
m=0
And K; (t) is odd part of the series
K0 = TG DE+TEDE 4 = D Tonya ()2
m=0
Now consider the even part of the series
Ko(®) =Jo(%2) +J2(x, )t + - = X oJon(x,2)t?" (24.1)

by Lemma 2.4

Jon(%2) = (u(x,2)v(x,2) + 4h(2)) 2n—2(% 2) = (2R(2))*2n-a(x,2)
on substituting the above value of J,,,(x, z) in (2.4.1)

Ko(8) =TJo(x2) +J,(x,2)t? + z [(u(x, 2)v(%2) + 4h(2) )jan-2(%,2) — (2h(2))%jan-a(x,2)|t*"

n=2
On solving, we’ll get

Jox2) +J.(x 2)t? — (u(x,2)v(x,2) + 4h(2))]o (%, 2)t?
1 - (u(x 2)v(x2) + 4h(z))t? + (2h(z))?t*

Ko(t) =

Similarly, we can find

Ji(x,2)t +T3(x,2)t2 — (u(x,2)v(x,2) + 4h(2))]; (%, 2)t3
1 - (ux2)v(x,2) + 4h(2))t? + (2h(z))?t*

Since put the values of ], and J3 in K,(t) and K, (t) . After, this process, let us add odd and even series
to get

K(t) = Ko (t) + K, (t) , we get
_ Jo +J1t + (s — (uv + 2h(2)]o)t* + +2h(2) [UTO - T1]t3
1 - (u(x 2)v(x2) + 4h(2))¢? + (2h()) ¢4

K;(t) =

K(¢)
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Theorem 2.2 (Binet's formula): For every n € N, the Binet’s formula of the bivariate bi-periodic
Jacobsthal Matrix polynomial sequences is given by

7)) = P(xz) (" — A" + Qo 2) (A, 2512 — 2,251+
2.2.1)

)= 012 —JoxDvxDIE™ [ux2)]; %2)—2h(2)]o(x2) ~ux2)v(x2)]o (x,2)]1 4™
(u(x2)v(x2)) 2] A1-22)

P(x,z and

v(%,2)¢™], (x,2)

Qx,2z) = z

(v x2) 2 (A-1,)

where the parity function is £(n) = n — 2 EJ .

Proof: Parity function &£(n), can be expressed as

_(0if niseven
¢ _{1 if nisodd

we can find Binet’s formula using two step method

1. Take generating function and using partial fraction decomposition method.
2. After using partial fraction apply Maclaurin’s Series expansion.

Let us apply step 1 to get:

[2h@ A v Do (%, 2) — 11 2] + (2h@) [ (& Do (5 D] £

+
+(A + 2h@)[ux, 21 — [ux 2)v(x,2) + 4h(@)]jo (%, 2)]
k(o) = 1 +(2h@)’Jo
(2h(2))?(A — 42) p2 _ (A +2h(z))
(2h(z))?

202, [v(x Do (. 2) — 11 2] + (2h(2) [ Do G D] £
+(A2 + 2h@)[ulx, 2)j1 — [u(x,2)v(x,2) + 4h(2)]jo (%, 2)]

+(2h(2)),
~ (G +2h(@)
(Zh())?

t2

We know that K(t) = Kq(t) + K;(t)

Where K,(t) is even term series and K; (t) is odd term series and after separating series, we can use
Maclaurin’s Series expansion

Where K, (t) is even term series
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1 - . .
Ko(t) = GRe =T L;(Al + 20@)[uCe D — [ v(52) + 4h @0 (% 2]

i A+ 2h o
+ (zh(z))zl()] (%> :

- [Z (A2 + 2h(@)[u(x, D)1 — [u(x 2)v(x 2) + 4h()]jo (%, 2)]
n=0

i 2 2h o
+ (Zh(z))zlol (%> :

___ Ch@?
Ko =~ Gheyn T 2 [[(Al

+ 2h(2)) [u(& 21 — [ux 2)v(x,2) + 2h(z)]o (%, z)]]
24
*+ @) T gy
— [z + 2h(@) [ux D - [ux Dv(x 2) + 2h@)]o(%.2)]|

24 1 n
*+ @) Tl gy
Ko ()

Az + 2@ (A +2h(@) (uG D]y — (uG DV 2) + 4h(@))o (%, 2)) + (20)) T, ) \|

_ Ch@)* S (—(Al +2h@)" (A + 2h@) (ulx D]; — (1 2DV 2) +4h@)e (%, D)) + (2h()To)

2n
4~ 2) & (41 +2h(@)"™1 (2, + 2h@)™T ‘

And using identities(l, + 2h(2))(A, + 2h(2)) = (2h(2))?, (A, + 2h(z)) = #Jom and (4, +

2h(z)) = (20)° and we get
u(x,z)v(xz)

GG (45, ), — (ux Do) + 4o D)

(A2)2"*2(2h(2))? &
(ux)v(x2)" 0 ¢2n

((u(x, 21— (u&x Dv(x2) + 4h () (%, Z)))

_ (AP2@R@)? 4
(uxDv(x))" 0

‘—1200
@R@2(M-22) “"=0  (A)?"(2h(@)?
(ux2v(x2)"

Ko ()=

((u(x, 2], — (u(x, 7)v(X,z) + 4h(z))j0(xﬂ Z))) ( (12)?" (A)2" ) 2

(ux2)v(x2)" B (ux2)v(x2))" "
(/11_12) n=0 +T ( (22)2n+2 _ (/11)211+2 )
0 (uxDvx))" T (uxvx)"
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) o L ) A /hzn _ /122n
Ko (t) = z ((u(& D) ((u(xd )1 — (ux 2)v(x,2) + 4h(2))]o (%, z))) (W)

+ j 1 (/112714'2 _ /122n+2> tzn
0 1 _
(u(x2)v(x2)"" A=

Similarly, we can find odd series

K (8)= | ZreeZh@ A [v(x, Do) ~TiGe] +

n=0

W
CLORLIR) }] ((i;:jzh)gzz))) e [{Zh(z)/lz (% 2)]o(x,2) —J1(x,2)] +
(Zh(Z)) [v(x,2)]o (% 2)] }] ((/1(22;3)522))) n-1 (a1
(Zh(z))2n+2

R G= T ZO |(2r@ A Do (x2) - T 2]

- (2r@ 1l (x Do (%, 2) 1 (x,2)]
+ (2h2) (% Do (%, 2)] )

K;(t) = -

2n+1

1
T + Zh(z))”“] ‘
Ky (t) ,
(A2 + 2h(@)"™ (2h@D M [v(x Do (% 2) = T (% 2] + (2h@) [v(x. Do (%, 2)] )

| h@)P > |~ + 2h@)™ (2R v (%, Do (5 2) ~ 11 (0 2] + (2h() [v(x Do (% 2)])
h— 1) & (Ar + 2h@)"™1 (A, + 2h(Z)™T

t2n+1

And using identities(1,)(A; + 2h(z)) = —2h(2)(1,),(A12) (A1 + 2h(7)) = —2h(z) (A1), (A, + 2h(2)) =

) and (4, + 2h(2)) = Y. and we get
u(x,2)v(x,2) 1 u(x2)v(x2)

(22)°"* (2h@)° 2 s
(ux2v(x)" (& Dot 2) ~Jix 2)])

a 2n+2Hp 2 N
_W[v(m)lo(m)]
R Gy Tneo e e ot oo faon |
(ux2v(xD))" BRIt v

21.)2"*2(2n 2 )
o W Do (% 2] )

Ky ()=

® 1 2n+1 /122n+1
K — _
() 1;) D) [1: % 2) = [v(x 2o (x,2)]] [ . ]
+, v(x,7) __ [Alzn” - /1227”2] £2n+1
(ux2)v(%2)) A=
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So, we have Binet’s formula

o n n
D) = POoz) (" — 4™ +0(x (@222 - 2,221+
7 _i HO) 7 - 7 - i 1-¢(n)
P(x,7)= U1x2)~Jo x2)v(%2)] [u(&z)h(&z)lﬂlzh(z)lo(&z) v(%2)]o(%2)] and  Q(x,7) =
(ux2)v(x2)21(A1-13)

v(%,2)5 ™o (x,2)
(uxvx) 2 Ay -2)

Theorem 2.3 (SUMMATION FORMULA) For any positive integer n, such that

Ji
Jn[2h(z) = 1 — u(x,2)*@v(x,2)' ™| + 2h(7) Jo-1[20(2) — u(x, 2) ¥ @v(x,2)5™ — 1] + J,[1 + 2h(2)) + u(x 2)]
+]o[1 — 2h(z) — u(x,2)v(x,2) — 2h(R)v(x,2)]

3

(=]

i=

[(2h(z) — 1D)?* —u(x,2)v(x,2)]
Proof: we know that

n-2 n=2
-1 % _ N s
?=0 l'_ziio ]2i +Zi20 ]2i+1

= ZZ [;l [[u(x, Z)L —[ulx,z)v(x,z) + 4h(Z)]T0(X, Z)]] [,11/12::221] N

(ux2z)v(x2))
. 1 Alzi+2_/122i+2] nT—Z 1 . . 2,204y, 21
i 0 | ——=lix2) —v&x Do) |[T—F—F—]| +
0 (uxv(x2) [ =2, =0 (uxv(x2)' [ ! 0 ] =2,

" v(x,2) [ﬂ.lez—lZZHZ]
0 :
(ux2)v(x2) " A1=2;

If n is even, we can simplify with the help of arithmetic mean

Zn_l ]\'=(u(X«Z)T1—(u(XoZ)V(XoZ)""l'h(Z))To(X:Z)) [Aln—(u(x,z)v(x,z))g _ /'lzn—(u(x,z)v(&z))g]
i

=0 (U xD)2 " (Ar=22) LI @ev()) A - @E)V(x2)

N Jo(x2) 122 (v ()2 A" 2,2 (u(x)v(x2))? |
(WD) Z Aty | A1 ~(@x2V(x2) 22° - (u(x2)v(x2)

n M-

+ 152 -v(x2)]o (%2) M (YD) ™ -2, (ux2)v(x2))?
(u(xdz)v(m))%‘l( A —23) M- (ux2)v(%2)) 127~ (ux2)v(x2))

n Nn-

f vEloka) A" (uGavea)? 22" (uiv(xa)?
(u(x,z)v(xdz))%( A1) 2= (ux2)v(%2)) A2~ (ux2)v(%2))

(ux2T1 - (D (x2)+4h(@) )]0 (x2) ) (/11n—(u(XvZ)V(&Z))f)(lz2—(u(&z)v(&z)))—(M"—(u(&z)v(&z)ﬁ)(llz—(u(&z)V(&z)))

(u(m)v(m))%—l( A=) (A2°-uxDv(%2))(A2° - (ux2)v(x2)))
o (x2) </11”“ -7 (u(m)v(m))5>(az2—(u(xz)v(m)))—(zz"“ -15° (u(@ﬂm)?)(af —ux2)v(x2)))
' (u(xvz)v(xdz))%(ll —1) (A% -uxDVv(x2)))(A2° - (ux2)v(x2)))
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n
2

I (D) v (kD] (x2) (h”“—al(u(m)v(m)F)(azz—(u(m)v(m)))—</12"“—az(u(x,z)u(x,z)) )(112—(u(x,z)v()g,z)))—

+ n 2 2
(W r(x2)2 " Aa-15) (A1 °—uEx2)v(x2)) (12" - (u(x2)v(x,.2)))

n+2_, 2 AP [, n+z_, 2 AP |
4 V&I (x2) (Al h (u("“Z)"(XvZ)P)(Az (ux2)v(%2))) (/12 A2 (u(&Z)V(&Z)V)(/h wx)V(x2))

(u(m)v(m))%( A-1y) (A2 -ux2)v(x2)) (A2 - (ux2)v(%2)))

(u(X‘Z)h—(H(X«Z)U(X,Z)""l'h(z))jo (X«Z)) )llzlzz ()lln_z —/'lzn_z)+(u(x,,z)v(x,z))%()llz —/122)—(u(x,z)v(x,z))(lln—/lzn)
(u(m)v(m))g-l (Ai=1y) (A2 - ux2)r(%2)))(A2° - (ux2)v(%2)))

N Jo(x2) A4° 257 (A" 22"+ (ux)v(x2) 2 (A -20%) - (uxR)v(x2) (42 -2, ™2)
(W 2v(%2)Z (A1 —) (M- uE2v(x2) (12" - Wx2v(x2)

+

n n
D)= (112424 -2, D)+ (D) Z (A -2 D) - (ux)vx2)) (AL =2, D) - (A1 4) (ux)v (x,2))2 (A1 12, )
(uv D)2~ (a=2g) (1~ (ux2)v(x2))) (22>~ (u(x2)v(x:2)))

o Vx2o(x2) 222,24 "2, +H(uv(2)2 " (A2 -2,) - (ux)vx2) (4 "2 -2,"1?)
(W 2v(%2)Z (A1 —) (M- uEav(2) (12" - wEx2v(x2)

Use Binet's formula and (4% — (w(x2)v(x2)))(A.* — x Dv(%2))) = (2h(z) - 1)* -
(u(x, z)v(x,2)))we get

_(2h@)* T2+ (2h@) Jn-1~Tn—Tns1 411 (1420 () +u(x2)+o (1-2h (@ -u(x2)v (32 ~2h @V (x.2))
(2h(2)-1)?-(u(x2)v(x2)))

Here n is even so we use
jn = u(x Z)jn—l + Zh(Z)jn—Z and jn+1 = v(x Z)jn + Zh(Z)jn—l to get

2h(2)n-1h(z) —u(x%2) — 1) + J,2h(EZ) —v(%,2) — 1) + 1 (1 + 2h@)) + u(x,2)) + Jo(1 — 2h(z) — u(x,2)v(x,2) — 2h(2)v(x,2))
(2h(z) — 1)? — (u(x,2)v(x,2)))

Similarly, we can solve when n is odd

2h(2)n-1h(z) —v(%,2) = 1) + 1,2h(Z) —u(x2) — 1) + 1 (1 + 2h@)) + u(x2)) +Jo(1 — 2h(z) — u(x,2)v(x,2) — 2h(2)v(x,2))
(2h(z) — 1D? = (u(x,2)v(x,2)))

Hence, we get summation formula

n-1

Ji
Jn[2h(@) — 1 — u(x,2)*®v(x,2)1 5] + 2h(2) Jo-1[21 (@) — u(x 2)1 ¥ Wv(x,2)°™ — 1] + [,[1 + 2h(2)) + u(x,2)]
+]o[1 — 2h(z) —u(x,2)v(x,2) — 2h(R)v(%,2)]
[2Ch(z) — 1)? —u(x,2)v(x,7)]

Theorem 2.4 (Generating Function and Binet’s Formula). For every neN, n' term of
{in(X,2)}n=o.the generating function and binet’s formula of the bivariate bi-periodic Jacobsthal are given

by

L

]
o

t(1 4+ u(x,z)t — 2h(2)t?)
1 - (ux2)v(x2) + 4h(2))t? + (2h(z))?t*

J(®) =
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. u(x,z) 4™ T =2,"
Jn(%2) =

n —
(ux2v(x Z))IiJ h— s
Theorem?2.5: let qu generating matrix be as in equation (1.1.2). Then, we have

v &(n)
o e [(S) e 2@ ugg;;m )
(Hq) = (u(){,z)) ] v(x2) (251)
Jn(%2) 2h(z )(u(m)) a2

Where E(n)=n — 2 EJ and j, (x,z) is nth Bi-variate Bi-periodic Jacobsthal polynomials.

Proof: We use Principle Mathematical Induction on n, we can write

1 [ (v&2) v(x2)
I’_‘I (X«Z)z U(X,, Z) Zh(z) Zgzg :(M)IEJ (U(X,.Z)) ]Z(X'Z) h(Z) )]1(X‘,Z)
a 0 u(x,2) ) oh v(m) £(1)
j1(%2) @ (52)" jox2)
: (B8 o) 2R 225, (x,2)
Ho(x2)=| ™ o(x2)
J1(%,2) 2h(z) o5 do (0 2)
where jo(x,2) = 0, j1(%,2) = 1and j,(x,7) = u(x,2)
Hq(x2)= [v(x’ 2) Uffizi]
0
(Ag)? = -
(vx )" + 20 222 gn(z) L) (,,m))u (L2 k2 2h@ ;g;;;]z(x, )
v(x7) u(x,2) v(x2))* 2
v(%,2) 2h(2) i ) 28@ (222) i)

_v(x2) [J/'s (%2) 2h(z) U(M)Jz(& 7)
w2, (%,2) 2h(z)h(x. 2)
where jo(x,2z) = 0,j;(x,2) =1, j,(x2) = u(xz) and j3(x,z) = u(xz) v(xz) + 2h(z)

|0y +2n@ 28 2n( Lo

(x2)
2h(2) li(ii)

v(x,2)

Which show that equation (2.5.1) are true for n = 1 and n = 2. Now we assume that it is true for n = k
that is

v(x2))¢ K v(x.z)
(ﬁ )k (V(&z))lkJ (u(m)) Jre1(%,2) 2h (Z) ]k(X.,Z)
I (x2) e
- Jie(%,2) 2h(z) (ZEZ‘;S) Jer(%7)
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If we assume that k is even, by using properties of the Bi-variate Bi-periodic Jacobsthal polynomials, we
get
o v(x,7)
. . - v(x,2)\ 2 2h
(A,) ¥+2 = (A,) *(f,) 2 = ( > Jr+3(%2)  2h(z) ey Z)Jk,+z(X.. z)

u(x,2) s (%,7) 2h(2)jk+1 (% 2)

Similarly, k is odd

k+1 [V(X 2) v(X,7)
(A) 642 = (f,) ¥(A,)? = <U(X,Z)> ux, )]k+3(XrZ) 2h(z) u(x, )]k+2(XaZ)
1 v u(x,7) . v(x,7)
Jr+2(%,2) 2h(z) ey )]k+1(Xa z)
If we put together, we get
N EK+2) (%2
(1) o) 2 () e 2h@ 2D ;]k+2(XoZ)
q “\u v Skt
e jnn) 20@ (22w

Theorem 2.6: For n be any integer. The Binet’s formula of Bi-variate Bi-periodic Jacobsthal polynomials
is

, u(x,z)t=¢m™ "= 2"
Jn(x2) =

w(x v(x )]

Characteristics equation is

22 —u(x,2)v(x,2)A — 2u(x,2)v(x 2)h(z) = 0
with roots 1, (x,z) and A, (x,7)

_[vxn) 2n@)ZER
Proof: Let the H u(xz) | is generating matrix. The characteristics equation is
1 0
v(x,2)
r? —v(x,2)r — 2h(z)
uxz)
Then the eigen values and eigen vectors of the Hq (x,z) are
_Ai(x2) /12 (XJ) vxz) (7 v(xz) _ A1(x2)
o) and r,= [ h(z )u(&z)' u(x,z)] and p,= [Zh( )u(&z) u(&z)]
The generating matrix can be diagonalized by using
A=P'H,P
Where
2h(z )v(m) 2h(z )V(&z) A1(x27)
_ u(xz) u(xz2) _ _ | u&xa2)
P= (%2 _ Mka2) A = diagonallry, 1] = (2 [
u(x72) u(x32) u(xz)
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From properties of similar matrices, for n is any integer, we obtain
()" = PA"P!

Thus, we get
4\ CAxD v(x2)]
(A)" = (u(x,z)) 0 and p-1 = u? u(x,z) 2h(z) u(xz)
0 (ﬂz(&Z))n 2v(x,2)h(z)(A2—24) M Zh( )V(X«Z)
u(x2) u(xz) u(x,z) |
()" n
v(x,32) v(x,2)][ (A (x.2) 0 T A1(x%,2) v(x,7)
2 2h(z) 2h(z) —— x2) - 2h(z)
_ u u(x,2) u(x,z) ||\ ulx2 u(x,2) u(x,2)
2% D) A —A)| AL &2 Ak z) L)\ || 12x2) 2h(2) v(x,7)
u(x,7) u(x, z) u(x,z) ) L u(xz) u(x,7)
v(x2) v(x2) 11(&2) _ v(x2)4,"
_ u? 2h(2) u(xz) 2h(z) u(x2) u(x,z) 2h(2) u(xz)"+1
20(x2)h(Z)(A-21) | _ A2(x2) _ M%) AZ (X‘Z) v(x2)A,"
u(x,z) u(x,2) u(x,z) ( )u(x,z)"“
v(x2)A, "t v(xz)A, "t 2 A" 2 v(x2)A,"
w2 —2h(z) o T 2h(z) DT —(2h(z)v(x,2)) o T (2r(z)v(x,7)) x2)
2v(x2)h(z)(A2—11) MGz LT LK) v(x2)A1" A, (%2) v(x2)A2" A1 (%,2)
U™ u(xg)e 2h(2) = ggmee 2@ =
[ v(x2) (21 -4,") (22"-4")
- v ) (2h@vi )
ZV(X“Z)h(Z)(AZ_Al) Allz(lln—lzn) A 12(11 —12 )
@?)u(xz)" 2h(2)v(x,2) @Hu(xz)"
[ 1](X“Z)()L2n+1_2'1n+1) ( )
_ ) 2h(z) =1 (2h@)v(x2))° D
2v(x2)h(z)(Az—21) M1A2(2,"-2,T) 2122 (A" =277
u(xz)" 2h(z)v (% 2) u(xz)"
v(x2) (2212, 2 (22"-2A,")
. 2h(z) = (2h@v(x2)) o
2v(x2)h(z)(A2—21) Az (2 -2,
C R 2ux Dv(x, z)h(z)% (—2u(x Dv(x, 2Dh(@))2h(@v(x, z)%

(Aln+1_/12n+1) U(X;Z) (Aln_lzn)

=1 u(x )" (Zh(Z) u(x,z)) u(xz)"1

=22 [ (4,"-2,") v(x2) ("=
u(xz)"1 2h( )u(&z) u(x,z)"2

Use Binet’s formula, we get
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| (v&2 HON v(x2) .
(I:I )n _ (v(x,,z))[EI (u(x,z)) ]n+1(Xa Z) Zh(Z) u(x,z)]n(x" Z)
q u(xz) ) vx)\§M
jn(%2) 2h@) (55) " jn-a(x2)
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