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Abstract

In this paper the author establishes the new result corresponds to the generalized differential
operator E’."3(z), related to multivalent regular functions. Also compute the Fekete szego

coefficient estimates are obtained for |a_, —Aa’,| when A >1, with sharpness for the operator,

and also point out, as particular cases, the results obtained earlier by various authors.
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INTRODUCTION

Let A, be the category of functions 3(z)and the expansion
3(z)=7 Jriamz”S (seN={1,23.3})(1)
=1

which are holomorphic within the unit disk ® = {z:|z| <1} and let A = A,. A function JeA,
observe by way of equ (1) is said to be multivalently starlike if
m(%j >0, (z<0).
s3(2)

We denote this category of functions by means of S_. Note that the category S_ dicrese to
s, :=S”, the category of starlike in @, introduced by Robertson [,
A function I e A, is multivalently convex if
S ECES IR

S z3'(2)
We denote with the aid of C, the familiar subcategory of A, . Incase s=1 G :=C the category
of convex functions in ®, brought by way of Robertson % (also see 1),
A function 3(z) belonging to A, is strongly starlike of order 7 in ®, and denote with the aid of
SS(K) if

‘arg(%'g)j <Zy(0<y<s, 2€0).(2)

2
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If 3(z) eA, satisfies

arg (1+—ZS'(Z)j

3(2)

<%7 (0<y<s, z€0©)(3)

Let M (m,d,7,7) be the category of regular, 3 defined within the open unit disk®
m(w] >0 (5eN,8,mseN, =NuU{0})

E.9(2)
forsome geR;(m,8,7,7).

The author define the following differential operator E" : A .~ A by

E’I3(2)=2° +iTT (r+s)" a2 (4)
=1
ﬁ+s+5—ﬂ“n—ﬂ!
5Kr+s+n—2ﬂ

with the assist of the differential operator E.", we say that
S,m+le~

arg| 2| <
E,s 3(2)

for some y (0<y<s) and forall ze®.

Note that

Ly (0,0,1,7,1) = SS; (K)

and

Ly (1,0,1,7,1) = SC (K).

If g(z) followto A, is said to be in the category R, (m,&,7,7) denoted the category of regular

where ', =

%7 (6 eN,5,m,seN, = NU{0})

function g(z) by

arg E’"ﬁm 9(2)
E <9(2)

and forall ze®.

For the category S of multivalent regular function, ! obtained the higher then point of
a,,—Aa’,| when 1 is non-imaginary. The upper bounded for |a, , —1a?,| is developed

s+2 s+1 s+2 s+1

<% (0<y<s)

independent by many various authors. In this present work the author achive a sharp upper
bounded for |a,,, —4a%,| when 2>1, 3(z) belongs to the category of functions as follows:

Definition 1:

Let 3(z)eA,andthenIeM (m,5,n,y) iff there exist g eR, (m,5,7,7) so that
§,m+1:f z

R E;,;m 3(2) >0(5)
E.:9(2)

where g(z)=2z°+b,,,2°" +b,,,z° +....

Note that M (0,0,1,7) =K () the category of multivalent close — to - convex.

2. Main Result
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Lemma 2 Let £€P, & be regular in © and follow by &(z) =1+vz+0v,2° +... and R(&(z))>0
for ze®.Then
o

2
Theorem 3 Let 3(z)eM ((m,&,7,7) and observe by way of (1.1). Then for y>1 and 1>1 we
have that sharp disparity

2
v, S2—|U—21|.(6)

2 m (.2 2m+1
<l {’wz(“z) —oli(s+y) } 452, (s+2)"™ (1+27) 207 (s41)™ (s + 27)
e e T2, (s+1)" (s +2)" ST2r, (s +1)" (s +2)™" '
)

Proof. Let 3(z)eM ((m,&,7,7) It observe by way of (1) that

E.3(2)=Ell9(2)e(2),(8)
for ze®, with p P observe by way of ¢(z)=1+¢z+¢,2° + ¢,2° +.... Equating coefficients, we
obtain

m+1

L (s+1)" a,, =T, (s+1)"b,,, +¢ (9)
and
T,(s+2)"a,,=T,(s+2)"h,, (10)
+T,(s+1)" b, + 0,
Also, it follows form equ (4) that
E/a(2)=E9(2)[S(2)]"
where for ze®, heP and
h(z)=1+hz+h,z* +hz* +....
Thus equating coefficients, we obtain
Is(s+1)"b,, = yh, (11)
and

r,(s+1)(s+2)"b,, = ;{h2 +(£+%_1)hl}, (12)
From equ (9), (10), (11) and (12) we have

1 1
a,, _ﬂ’ai = —m((ﬂ _—sz
LU, (s+2)m T 27

/4 1 2:|
+ h,—=
Fz(s+1)(s+2)m”{2 2"
{rf (s+1)°"™2 —2ir, (s+2)m+l} ) _{)/Ff (s+1)7™* 252y T, (s+2)""

3,h (13
2r2r, (s+1)"* (s +2) ’ STT, (s+1)" (s +2)™" i (13)

m+1

}/(75/ ; g)rfsz (s+17™ — 4T, (s+2)"

+ 2
$PI2T, (s+1)"* (s+2)™" g

Assume that a_, —AaZ?, is non-negative. Hence we now estimate *J%(aH2 —ﬂail), the above and

by applying the Lemma 2 and let h = 2re”, ¢, = 2Re', r,Re[0,1], 6,4 €[0,27z], we obtain
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m+. 1
(s+2) lm[asa ﬂasu]_ [¢2_§¢12J

+ﬁm[hz—%hf}

Y 7 |22 2 m-+1
yrlz(s-‘rl)zmz_25/1}/r2(5+2)m+1 7/(5 2)1— s (S+1) —ﬂ,;/ F2(5+2) 2\ (14
* 2 2m+2 9?(‘»’/1h1) 212 2m+2 ER(hl)( )
sITT,(s+1) ST7T, (s +1)

2

<

20
T,
{ (s+1)°™* 241, (s+2)"™"

= 4R? cos 2¢
25T, (s+1)

NEAHC +1)"* — 252y T, (s+2)™"
ST2r, (s+1)™"
4rRcos(0 +¢)

7/(75/ +gjrfsz (s+1™ = 4T, (s + 2"

)2m+2

+
ST, (s+1

4r® cos 26

R

43T, (542" —ArE(s+ 1™ ], 4y[ 257, (s +2)™" ~T7 (s +1)°" |
I, (s+1)™? ST, (s+1)%?

4{,@(3 +2)m - (1 1jr252(s +1)2m+1}
s 2 2 ) 2
rz + (y +s+1)(15)
ST2T, (s +1)*™? I,(s+1) r,(s+1)

7

=Y¥Y(r,R).
Derivative partially above when (3,7,4)>1and 7 >0, we study that ¥, ¥, —(¥,,)° <0
therefore, the most of ¥ (r,R) occurs on the limitations, hence the favored inequality
follows by observing that

W(r,R) < ¥ (L1)

¥ (s+ 2){1@ (s+2)" =217 (s+1)2”‘“} 45T, (s+2)"" (1+2y) =217 (s +1)"" (s +27)
2 + 2 2m+2 )
sI';T, (s+1)

=4
ST, (s+1

)2m+2

If (7) is attained when h, =¢ =2i and h, = ¢, =-2

Choosing m =6 =0and 7 =1we get,

Corollary 4 Let 3(z)eL(y) and observe by way of (1). Then for (7,4)>1 we have got the
sharp disparity
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27824 -s(s+1
|la,,, —4aZ, |< |:52(S+§.)2):|
, (16)
4sA(s+2)(27 +1)-2(s+1) (2y +s)
s(s+1)’(s+2) '

Letting m=7=1and § = 0we get,
Corollary 5 Let 3(z)eL(1,0,1,7)and observe by way of (1). Then for (y,4)>1 we have got the
sharp disparity

2(s+2)7°| 2(s+2)2-s(s+1) ]

|as+2 _)l‘a52+l |S ﬁ 2 4
S (s+1) (s+2)° | +4s2a(s+2) (1+2y)—25(s+1)"(s+2y)

.(17)

Choosen s =1 we get following
Corollary 6 Let 3(z)eL(m,8,7,7) and observe by way of (1). Then for y>1 and A>1 we
have got the sharp disparity

V3" A" (5+2)-2""n(n+1)(5+1)] L 3A(542)- 2y (5 +1)(8+ 1) (27 +1)

223" (5+2)(5+1)° 273" (8 +2)(5 +1)°
Corollary 7™M Let 3(z)eK(y) and observe by way of (1). Then for (7,4)>1 we have got the
sharp disparity
la, —Aa; [<y*(1-1)+
Corollary 8™ Let 3(z)eL(1,0,1,7) and observe by way of (1). Then for =1 and 2>1 we
have got the sharp disparity

1

|a, — 182 |S£[37/2 (34—4)+(94-8)(2r+1) .
(20)

|a, - 4] < .(18)

(27 +1)(32-2) 19)
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