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Abstract: We are going to define the new general form of closure set for any subset of the 

topological space and study their properties. Furthermore, we also establish relationship of 

new defined form with existing form.   

 

 

Introduction 

 

For the first time, in 1970 N. Levine studied about new general form of closed set called 𝑔 − 

closed set in [1]. As we know that topology on a set is defined in term of open set and 

complementary of each open set is closed set. Several properties of topological space studied 

in term of closed set like continuity, conecctededness, compactness, countability, separation 

axiom. Levine and many reserachers studied several properties of topological space in term 

of this newly defined generalized form of closed set and found very singnficant reuslts. In 

continuoution of such study, researchers also intiated to defined other general forms of closed 

sets which help to understand many more properties of topological space in [2-16]. The reder 

can study some important generalization of closed sets in refer items. In 2012, S.Mishra and 

V.Joshi et.al. defined new general form of closed set as generalized pre-regular weakly closed 

set (in short 𝑔𝑝𝑟𝑤- closed set) and study thier properties. We are going to define new 

general form of closure set as called 𝑔𝑝𝑟𝑤-closure set (shortly dentoed by 𝛽𝐶 −closure set) 

which is actually based of 𝑔𝑝𝑟𝑤-closed set. Furthermore, we investigate properties of 

𝛽𝐶 −closure set and also find the relationship of this newly defined closure set with other 

existing defined closure set.    

  

First, we look at definitions and results for better understanding about the main results. These 

are the notation and symbols used throughout the paper. Here 𝐶(𝐴) and 𝐼(𝐴) are notation 

of closure and interior of any subset 𝐴 of space 𝑋  respectively. The space means a 

topological space (𝑋, 𝜏)  (or 𝑋 ) otherwise we will mention. The 𝑔𝑝𝑟𝑤 − set means 

generalized pre-regular weakly set. We use symbol 𝛽 instead of 𝑔𝑝𝑟𝑤, for example 𝑔𝑝𝑟𝑤- 

closure set means 𝛽 −closure set.   

If 𝐴 ⊂ 𝑋, then 𝐴 is 

i. 𝑔 −closed set ⟺ 𝐶(𝐴) ⊆ 𝐵, when 𝐴 ⊆ 𝐵, here 𝐵 is open in 𝑋.  

ii. 𝑟-open (or 𝑟-closed) if 𝐴 = 𝐼(𝐶(𝐴))   or 𝐴 = 𝐶(𝐼(𝐴)).  

iii. pre-open (or pre-closed) if 𝐴 ⊆ 𝐼(𝐶(𝐴)) or 𝐶(𝐼(𝐴)) ⊆ 𝐴.  

iv. regular semiopen if ∃ 𝑟 −open set 𝑈 s.t. 𝑈 ⊂ 𝐴 ⊂ 𝐶(𝑈).  

v. 𝛽 −closed if 𝑝𝐶(𝐴) ⊂ 𝑈, if 𝐴 lies in regular semi open set 𝑈.  

vi. 𝑟𝑤 − closed if 𝐶(𝐴) ⊆ 𝑈 if 𝐴 lies in (or equal) to regular semi open set 𝑈. 

Main Result 

  

Now we define new general form of closure set as 𝛽 −closure set for any subset of space 𝑋 

and study their properties. Furthermore, we also find the relationship with other general form 
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of closed sets.  

The 𝜷 − closure  of any subset 𝑈  of  space 𝑋  is denoted by 𝛽𝐶(𝑈)  and it the 

intersection of  all 𝛽 − closed set whcih containing 𝑈  i.e. 𝛽𝐶(𝑈) = ⋂{𝐹 ∶ 𝑈 ⊂
𝐹, where 𝐹 is 𝛽 − closed}. 

Theorem 1 For a space 𝑋, 𝛽𝐶(𝑋) = 𝑋 and 𝛽𝐶(𝜙) = 𝜙.  

Proof. Due to defintion of 𝛽-closure, 𝑋 is the only 𝛽-closed lies in  . Hence, 𝛽𝐶(𝑋) is 

equal to intersection of all the 𝛽-closed set lies in 𝑋 i.e. =∩ {𝑋} = 𝑋. That is 𝛽𝐶(𝑋) = 𝑋. 

Also due to the definition of 𝛽-closure, 𝛽𝐶(𝜙) is equal to the intersection of all the 

β-closed sets containing 𝜙 that is 𝜙 ∩ any gprw-closed set lies in 𝜙 is only ϕ. Hence 

𝛽𝐶(𝜙) = 𝜙.  

Theorem 2 For subset 𝐴 of space 𝑋, 𝐴 ⊂ 𝛽𝐶(𝐴).  

Proof. By the definition of 𝛽-closure that is the intersection of all 𝛽-closed sets lies in 𝐴, so 

it is quite obvious that 𝐴 in contained in 𝛽𝐶(𝐴).  

Theorem 3 For two subsets 𝐴 and 𝐵 of space 𝑋, where 𝐵 is 𝛽-closed set s.t. 𝐴 ⊂ 𝐵, 

then 𝛽𝐶(𝐴) ⊂ 𝐵.  

Proof. As given that 𝐵  is 𝛽 -closed set lies in 𝐴   𝛽𝐶(𝐴)  is the intersection of all 

𝛽 −closed sets lies in 𝐴. So, 𝛽𝐶(𝐴) is lies in all 𝛽 −closed set lies in 𝐴. Therefore, in 

particular 𝛽𝐶(𝐴) ⊂ 𝐵.  

Theorem 4  For two subsets 𝐴 and 𝐵 of space 𝑋 if 𝐴 ⊂ 𝐵, then 𝛽𝐶(𝐴) ⊂ 𝛽𝐶(𝐵).  

Proof. As given that 𝐴 and 𝐵 be subsets of 𝑋 and 𝐴 ⊂ 𝐵 so, 𝛽𝐶(𝐵) = ⋂ { 𝐹: 𝐵 ⊂ 

𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋)}, now when 𝐵 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋), then 𝛽𝐶(𝐵) ⊂ 𝐹. As,  ⊂ 𝐵, 𝐴 ⊂ 

𝐵 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋), also we have 𝛽𝐶(𝐴) ⊂ 𝐹. Therefore 𝛽𝐶(𝐴) ⊂ ⋂ {𝐹: 𝐵 ⊂ 𝐹 ∈ 

𝐺𝑃𝑅𝑊𝐶(𝑋)} = 𝑔𝑝𝑟𝑤 − 𝑐𝑙(𝐵). Here 𝐺𝑃𝑅𝑊𝐶(𝑋) means the collection of all 𝛽 − closed 

set for space 𝑋. 
Theorem 5 For any subset 𝐴 of space 𝑥, 𝛽𝐶(𝐴) = 𝛽𝐶(𝛽𝐶(𝐴))  

Proof. As given that 𝐴 be a subset of 𝑋  and we have 𝛽𝐶(𝐴) = ⋂ {𝐹 : 𝐴  ⊂ 𝐹  ∈ 

𝐺𝑃𝑅𝑊𝐶(𝑋)}. When 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋). Then 𝐶(𝐴) ⊂ 𝐹. Since 𝐹 is 𝛽-closed set 

containing 𝛽𝐶(𝐴), by standard result 𝛽𝐶(𝛽𝐶(𝐴)) ⊂ 𝐹. Now 𝛽𝐶(𝛽𝐶(𝐴)) ⊂ ⋂{𝐹: 𝐴 ⊂ 𝐹 

∈ 𝐺𝑃𝑅𝑊𝐶(𝑋)} = 𝛽𝐶(𝐴). Hence 𝛽𝐶(𝛽𝐶(𝐴)) = 𝛽𝐶(𝐴).  

Theorem 6  For a 𝛽 −closed subset 𝐴 of 𝑋,  𝛽𝐶(𝐴) = 𝐴.  

Proof. As given that 𝐴 be a 𝛽 −-closed subset of 𝑋 and since 𝐴 ⊂ 𝛽𝐶(𝐴). Also 𝐴 ⊂ 𝐴 

and 𝐴 is 𝛽-closed. By standard result 𝛽𝐶(𝐴) ⊂ 𝐴. Hence 𝛽𝐶(𝐴) = 𝐴.  

Conversely of the above result is false, for example.  

Example 7 If 𝑋 = {1,2,3,4} be a space where topology is 𝜏 = {𝜙, 𝑋, {1}, {2}, {1,2}, 

{1,2,3}}. The collection of all 𝛽-closed sets is {𝜙, 𝑋, {3}, {4}, {1,2}, {3,4}, {1,2,3}, 

{2,3,4}, {1,3,4}, {1,2,4}}. If we take 𝐴 = {1} then 𝑔𝑝𝑟𝑤 − 𝑐𝑙({1}) = {1}. But 𝐴 = {1} is 

not 𝑔𝑝𝑟𝑤-closed, since collections of all pre-closed and regular semi open sets is {𝜙, 𝑋, 

{3} , {4} , {3,4} , {2,3,4} , {1,3,4}} , and {𝜙 , 𝑋 , {1} , {2} , {2,3} , {1,3} , {2,4} , {1,4} , 

{2,3,4}, {1,3,4}}. Now we have regular semi open set {1} containing 𝐴, but 𝑝𝑐𝑙(𝐴 =
{1}) = {1,3,4} is not contained in {1}.  

Theorem 8 For two subsets 𝐴 and 𝐵 of space 𝑋, 𝛽𝐶(𝐴 ∩ 𝐵) ⊂ 𝛽𝐶(𝐴) ∩ 𝛽𝐶(𝐵).  

Proof: As given that 𝐴 and 𝐵 are two subsets of space 𝑋, as we know that 𝐴 ∩ 𝐵 ⊂ 𝐴 and 

𝐴 ∩ 𝐵 ⊂ 𝐵  this shows that 𝛽𝐶(𝐴 ∩ 𝐵) ⊂ 𝛽𝐶(𝐴)  and 𝛽𝐶(𝐴 ∩ 𝐵) ⊂ 𝛽𝐶(𝐵) . Hence 

𝛽𝐶(𝐴 ∩ 𝐵) ⊂ 𝛽𝐶(𝐴) ∩ 𝛽𝐶(𝐵).  

Theorem 9 If 𝑃𝐶(𝑋) is closed under finite union where 𝑃𝐶(𝑋) be the family of all pre 

closed set in 𝑋, then the family of all generalized pre regular weakly closed in 𝑋 denoted as 

𝐺𝑃𝑅𝑊𝐶(𝑋) is closed under finite union.  

Proof. 𝑃𝐶(𝑋)  is given to be closed under finite union, and let 𝐴  and 𝐵  belong to 

𝐺𝑃𝑅𝑊𝐶(𝑋) and 𝐴 ∪ 𝐵 ⊂ 𝑈, here 𝑈 is regular semi open in 𝑋, so 𝐴 ⊂ 𝑈 and 𝐵 ⊂ 𝑈. 
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Therefore 𝑝𝑐𝑙(𝐴) ⊂ 𝑈  and 𝑝𝑐𝑙(𝐵) ⊂ 𝑈 , this shows that 𝑝𝑐𝑙(𝐴) ∪ 𝑝𝑐𝑙(𝐵) ⊂ 𝑈 . By 

hypothesis 𝑝𝑐𝑙(𝐴 ∪ 𝐵) ⊂ 𝑈. That means 𝐴 ∪ 𝐵 is also 𝛽-closed set, so we can conclude 

that 𝐺𝑃𝑅𝑊𝐶(𝑋) is closed under finite union.  

Theorem 10 For two subsets 𝐴 and 𝐵 of space 𝑋, 𝛽𝐶(𝐴 ∪ 𝐵) = 𝛽𝐶(𝐴) ∪ 𝛽𝐶(𝐵).  

Proof. As given that 𝐴 and 𝐵 are two subsets of space 𝑋, clearly 𝐴 ⊂ 𝐴 ∪ 𝐵 and also 

𝐵 ⊂ 𝐴 ∪ 𝐵. So we have 𝛽𝐶(𝐴) ⊂ 𝛽𝐶(𝐴 ∪ 𝐵) and 𝛽𝐶(𝐵) ⊂ 𝛽𝐶(𝐴 ∪ 𝐵). Hence we got 

𝛽𝐶(𝐴) ∪ 𝛽𝐶(𝐵) ⊂ 𝛽𝐶(𝐴 ∪ 𝐵). Now we shall prove the reverse inequality so in that context 

let 𝑥 ∈ 𝛽𝐶(𝐴 ∪ 𝐵) and suppose that 𝑥 does not belong to 𝛽𝐶(𝐴) ∪ 𝛽𝐶(𝐵), then there exist 

𝛽 −closed set 𝐴1 and 𝐵1 with 𝐴 ⊂ 𝐴1, 𝐵 ⊂ 𝐵1 and 𝑥 ∈ 𝐴1 ∪ 𝐵1 so we have 𝐴 ∪ 𝐵 ⊂
𝐴1 ∪ 𝐵1 and since the space is given to be closed under finite union therefore 𝐴1 ∪ 𝐵1 is 

𝑔𝑝𝑟𝑤-closed set by 𝑥 ∈ 𝐴1 ∪ 𝐵1. Thus 𝑥 doses not belong to 𝛽𝐶(𝐴 ∪ 𝐵). Which is a 

contradiction to 𝑥 ∈ 𝛽𝐶(𝐴 ∪ 𝐵). So we got 𝛽𝐶(𝐴 ∪ 𝐵) ⊂ 𝛽𝐶(𝐴) ∪ 𝛽𝐶(𝐵). Hence 𝛽𝐶(𝐴 ∪
𝐵) = 𝛽𝐶(𝐴) ∪ 𝛽𝐶(𝐵).  

Theorem 11 For subset 𝐴 of space 𝑋, 𝛽𝐶(𝐴) ⊂ 𝐶(𝐴).  

Proof. Since  𝐴 ⊂ 𝑋, so 𝐶(𝐴) = ⋂{𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝐶(𝑋)} where 𝐶(𝑋) be the family all 

closed sets in 𝑋. If 𝐴 ⊂ 𝐹 ∈ 𝐶(𝑋) then 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋). Beacuse all closed set is 

𝛽 − closed set. That is 𝛽𝐶(𝐴) ⊂ 𝐹 . So, 𝛽𝐶(𝐴) ⊂ ⋂{𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝐶(𝑋)} = 𝑐𝑙(𝐴) . 

Therefore, 𝛽𝐶(𝐴) ⊂ 𝐶(𝐴).  

Remark 12 Reverse inequality does not hold in the above theorem, for example.  

Example 13 The set 𝑋 = {1,2,3,4} space with 𝜏 = {𝜙, 𝑋, {1}, {2}, {1,2}, {1,2,3}}. Now 

if we take 𝐴 = {1} then 𝛽𝐶(𝐴) = {1}, but 𝑐𝑙(𝐴) = {1,3,4}. Hence we can see that 𝑐𝑙(𝐴) 

is not contained in 𝛽𝐶(𝐴).  

Theorem 14 For subset 𝐴 of space 𝑋, 𝛽𝐶(𝐴) ⊂ 𝑝𝑐𝑙(𝐴). where 𝑝𝑐𝑙(𝐴) is given by 𝑝𝑐𝑙(𝐴) 

= ⋂ { 𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝑃𝐶(𝑋) } where 𝑃𝐶(𝑋) is the collection of every pre closed 

sets in 𝑋.  

Proof. Since  𝐴 ⊂ 𝑋, so,  𝑝𝑐𝑙(𝐴) = ⋂ { 𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝑃𝐶(𝑋) } where 𝑃𝐶(𝑋) 

be the family all pre-closed sets in 𝑋. If 𝐴 ⊂ 𝐹 ∈ 𝑃𝐶(𝑋) then 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋). 

Since all pre closed set is 𝛽-closed set. That is 𝛽𝐶(𝐴) ⊂ 𝐹. So, 𝛽𝐶(𝐴) ⊂ ⋂ {𝐹 ⊂ 𝑋: 𝐴 

⊂ 𝐹 ∈ 𝑃𝐶(𝑋) } = 𝑝𝑐𝑙(𝐴). Therefore, 𝛽𝐶(𝐴) ⊂ 𝑝𝑐𝑙(𝐴).  

Theorem 15 For subset 𝐴 of space 𝑋, 𝛽𝐶(𝐴) ⊂ 𝑤 − 𝐶(𝐴), here 𝑤 − 𝐶(𝐴) is defined as 

⋂{ 𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝑊𝐶(𝑋)} where 𝑊𝐶(𝑋) is the collection of all 𝑤 −closed sets in 

𝑋.  

Proof. Since  𝐴 ⊂ 𝑋, so, we have 𝑤 − 𝐶(𝐴) = ⋂ {𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝑊𝐶(𝑋)}. If 𝐴 ⊂ 

𝐹 and 𝐹 is 𝑤-closed subset of 𝑋, then 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋), since all 𝑤-closed set is 

𝛽-closed set in 𝑋. That is 𝛽𝐶(𝐴) ⊂ 𝐹. So, 𝛽𝐶(𝐴) ⊂ ⋂ {𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝑊𝐶(𝑋)} = 

𝑤 − 𝐶(𝐴). Therefore, 𝛽𝐶(𝐴) ⊂ 𝑤 − 𝐶(𝐴), for an arbitrary subset 𝐴 of topological space 

𝑋.  

Remark 16 Reverse inequality in the above theorem does not hold, for example.  

Example The set 𝑋 = {1,2,3} is space where topology is 𝜏 = {𝜙, 𝑋, {1}, {2}, {1,2}} and 

if we take 𝐴 = {1} then 𝑤 − 𝑐𝑙(𝐴) = {1,3}, but 𝛽𝐶(𝐴) = {1}. Hence 𝑤-closure is not 

contained in 𝛽-closure.  

Theorem 18 For subset 𝐴 of space 𝑋, 𝛽𝐶(𝐴) ⊂ 𝑟𝑤 − 𝐶(𝐴) here 𝑟𝑤 − 𝐶(𝐴) is given by 

𝑟𝑤 − 𝐶(𝐴) = ⋂ { 𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝑅𝑊𝐶(𝑋) }, where 𝑅𝑊𝐶(𝑋) is the family of all 

regular 𝑤 −closed sets in 𝑋.  

Proof. Since  𝐴 ⊂ 𝑋,  and 𝑟𝑤-closure set tell us that, 𝑟𝑤 − 𝐶(𝐴) = ⋂  {𝐹 ⊂ 𝑋: 𝐴 ⊂ 

𝐹 ∈ 𝑅𝑊𝐶(𝑋)}. If 𝐴 ⊂ 𝐹 and 𝐹 is 𝑟𝑤-closed subset of 𝑋, then 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋), 

since all 𝑟𝑤-closed set is 𝛽-closed set in 𝑋. That is 𝛽𝐶(𝐴) ⊂ 𝐹. So, 𝛽𝐶(𝐴) ⊂ ⋂ {𝐹 ⊂ 

𝑋 : 𝐴  ⊂ 𝐹  ∈ 𝑅𝑊𝐶(𝑋)} = 𝑟𝑤 − 𝐶𝐴). Hence 𝛽𝐶(𝐴) ⊂ 𝑟𝑤 − 𝐶(𝐴), for an arbitrary 

subset 𝐴 of topological space 𝑋.  
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Theorem 19 For subset 𝐴 of space 𝑋, 𝛽𝐶(𝐴) ⊂ 𝑟𝑐𝑙(𝐴) where 𝑟𝑐𝑙(𝐴) is given by 𝑟𝑐𝑙(𝐴) 

= ⋂ {𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝑅𝐶(𝑋 } where 𝑅𝐶(𝑋) is the family of all 𝑟 −closed sets in 𝑋.  

Proof. Since  𝐴 ⊂ 𝑋 and regular closure set tell us that, 𝑟𝐶(𝐴) = ⋂ { 𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 

∈ 𝑅𝐶(𝑋) }. If 𝐴 ⊂ 𝐹 and 𝐹 is regular closed subset of 𝑋, then 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋), 

since all regular closed set is 𝛽-closed set in 𝑋. That is𝛽(𝐴) ⊂ 𝐹. So, 𝛽𝐶(𝐴) ⊂ ⋂ {𝐹 ⊂ 

𝑋: 𝐴 ⊂ 𝐹 ∈ 𝑅𝐶(𝑋) } = 𝑟𝐶(𝐴).  

Theorem 20 For subset 𝐴 of space 𝑋, 𝛽𝐶(𝐴) ⊂ 𝛱 − 𝐶(𝐴) where 𝛱 − 𝐶(𝐴) is given by 

𝛱 − 𝐶(𝐴) = ⋂ {𝐹  ⊂ 𝑋: 𝐴 ⊂ 𝐹  ∈ 𝛱𝐶(𝑋)} where 𝛱𝐶(𝑋) is the collection  of all 

𝛱-closed sets in 𝑋.  

Proof. Since  𝐴 ⊂ 𝑋 and Π-closure tell us that,  Π − 𝐶(𝐴) = ⋂ {𝐹 ⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 

Π𝐶(𝑋)}. If 𝐴 ⊂ 𝐹 and 𝐹 is Π-closed subset of 𝑋, then 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋), since all 

Π-closed set is 𝛽-closed set in 𝑋. That is 𝛽𝐶(𝐴) ⊂ 𝐹. So,  𝛽𝐶(𝐴) ⊂ ⋂ {𝐹 ⊂ 𝑋: 𝐴 ⊂ 

𝐹 ∈ Π𝐶(𝑋)} = Π − 𝑐𝑙(𝐴).  

Theorem 21 For subset 𝐴  of space 𝑋,  𝑔𝑝𝑟 − 𝐶(𝐴)  ⊂  𝛽𝐶(𝐴)  here 𝑔𝑝𝑟 − 𝐶(𝐴)  is 

defined as 𝑔𝑝𝑟 − 𝐶(𝐴) = ⋂ {𝐹  ⊂ 𝑋: 𝐴 ⊂ 𝐹  ∈ 𝐺𝑃𝑅𝐶(𝑋)} where 𝐺𝑃𝑅𝐶(𝑋) is the 

family of all generalized p- regular closed sets in 𝑋.  

Proof. Since  𝐴 ⊂ 𝑋 and 𝛽-closure set tell us that, 𝛽𝐶(𝐴) = ⋂ {𝐹  ⊂ 𝑋: 𝐴 ⊂ 𝐹  ∈ 

𝐺𝑃𝑅𝑊𝐶(𝑋)}. If 𝐴 ⊂ 𝐹 and 𝐹 is 𝛽-closed subset of 𝑋, then 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝐶(𝑋), since 

all 𝛽-closed set is 𝑔𝑝𝑟-closed set in 𝑋, i.e. 𝑔𝑝𝑟 − 𝐶(𝐴) ⊂ 𝐹. So, 𝑔𝑝𝑟 − 𝐶(𝐴) ⊂ ⋂ {𝐹 

⊂ 𝑋: 𝐴 ⊂ 𝐹 ∈ 𝐺𝑃𝑅𝑊𝐶(𝑋)} = 𝛽𝐶(𝐴). Hence 𝑔𝑝𝑟 − 𝐶(𝐴) ⊂ 𝛽𝐶(𝐴), for an arbitrary 

subset 𝐴 of topological space 𝑋.  

Theorem 22  For any 𝑥 ∈ 𝑋, and also 𝑥 ∈ 𝛽𝐶(𝐴) where 𝐴 is subset of a topological 

space 𝑋 iff  𝑉 ∩ 𝐴 ≠ 𝜙, ∀ 𝛽-open set 𝑉 containing 𝑥.  

Proof. Assume that 𝑥 ∈ 𝑋, and also 𝑥 ∈ 𝛽𝐶(𝐴) where 𝐴 is subset of a topological space 

𝑋, then  we show that 𝑉 ∩ 𝐴 ≠ 𝜙, ∀𝛽-open set 𝑉  containing 𝑥 . Suppose there exist 

𝛽-open set 𝑉 containing 𝑥 s.t. 𝑉 ∩ 𝐴 = 𝜙 . Then 𝐴 ⊂ 𝑋\𝑉 and 𝑋\𝑉 is 𝛽-closed set. 

We have 𝛽𝐶(𝐴) ⊂ 𝑋\𝑉. This shows 𝑥 ⊂ 𝛽𝐶(𝐴), which is a contradict or assumption, hence 

𝑉 ∩ 𝐴 ≠ 𝜙 for every 𝛽-open set 𝑉 containing 𝑥. Conversely, when 𝑉 ∩ 𝐴 ≠ 𝜙, ∀ 𝛽-open 

set 𝑉 containing 𝑥. To thow that 𝑥 ∈ 𝛽𝐶(𝐴), suppose 𝑥 does not belong to 𝛽𝐶(𝐴). Then 

there exist 𝛽-closed subset 𝐹  lies in 𝐴 s.t. 𝑥 ∈ 𝐹 . So, 𝑥 ∈ 𝑋\𝐹  and 𝑋\𝐹  is 𝛽-open. 

Also (𝑋\𝐹) ∩ 𝐴 = 𝜙, which contradict our assumption, so 𝑥 ∈ 𝛽𝐶(𝐴).  

Theorem 23 If 𝐴 ⊂ 𝑋, then  

    1.  (𝜂𝐼(𝐴))𝑐 = 𝛽𝐶(𝐴𝑐), where 𝜂𝐼(𝐴) means 𝛽 −interioer of 𝐴. 

    2.  𝜂𝐼(𝐴) = (𝛽𝐶(𝐴𝑐))𝑐.  

    3.  𝛽𝐶(𝐴) = (𝜂𝐼(𝐴𝑐))𝑐.  

Proof.  

1.  Let 𝑥 ∈ (𝜂𝐼(𝐴)))𝑐  that means 𝑥  does not belong to 𝜂𝐼(𝐴). So from this we can 

conclude that every 𝜂-open set 𝑈 containing 𝑥 is s.t. 𝑈 is not lies in 𝐴, or we can say that 

𝑈 ∩ 𝐴𝑐 ≠ 𝜙. By standard result 𝑥 ∈ 𝛽𝐶(𝐴𝑐). Therefore (𝜂𝐼(𝐴))𝑐 ⊂ 𝛽𝐶(𝐴𝑐). Now we prove 

the reverse inequality for that let us take an arbitrary element 𝑥 ∈ 𝛽𝐶(𝐴𝑐) then by standard 

result every 𝛽 -open set 𝑈  containing 𝑥  is s.t. 𝑈 ∩ 𝐴𝑐 ≠ 𝜙 , i.e. all 𝛽 − open set 𝑈 

containing 𝑥 is s.t. 𝑈 does not lies in 𝐴. Due to 𝜂-interior of 𝐴, 𝑥 does not belong to 

𝜂𝐼(𝐴), that means 𝑥 ∈ (𝜂𝐼(𝐴))𝑐 and (𝜂𝐼(𝐴))𝑐 ⊃ 𝛽(𝐴𝑐) thus (𝜂𝐼(𝐴))𝑐 = 𝛽𝐶(𝐴𝑐).  

2.  By taking complement on the both sides of the first part we get ((𝜂𝐼(𝐴))𝑐)𝑐 =
(𝛽𝐶(𝐴𝑐))𝑐 that is 𝜂𝐼(𝐴) = (𝛽𝐶(𝐴𝑐))𝑐.  

3.  By replacing 𝐴𝑐 by 𝐴 in part (1) we get (𝜂𝐼(𝐴𝑐))𝑐 = 𝛽𝐶((𝐴𝑐)𝑐) that is 𝛽𝐶(𝐴) =
(𝜂𝐼(𝐴𝑐))𝑐.  

Remark:  For space 𝑋 then 𝜏𝑔
∗∗ = {𝑉 ⊂ 𝑋: 𝛽𝐶(𝑋\𝑉) = 𝑋\𝑉}.  

Theorem 24 If 𝐺𝑃𝑅𝑊𝑂(𝑋, 𝜏) is a topology, then 𝜏𝑔
∗∗ is also a topology on the same space 
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𝑋.  

Proof. Clearly 𝜙 and 𝑋 ∈ 𝜏𝑔
∗∗. Now let {𝐴𝑖: 𝑖 ∈ Δ} ∈ 𝜏𝑔

∗∗ then 𝛽𝐶(𝑋\(∪ 𝐴𝑖)) = 𝑔𝑝𝑟𝑤 −

𝑐𝑙(∩ (𝑋 − 𝐴𝑖)) ⊂∩ 𝛽𝐶(𝑋\𝐴𝑖) =∩ (𝑋\𝐴𝑖) = 𝑋\∪ 𝐴𝑖 . Hence, ∪ 𝐴𝑖 ∈ 𝜏𝑔
∗∗ . Let 𝐴, 𝐵 ∈ 𝜏𝑔

∗∗ . 

Now 𝛽𝐶(𝑋\(𝐴 ∩ 𝐵)) = 𝛽𝐶((𝑋\𝐴) ∪ (𝑋\𝐵)) = 𝛽𝐶(𝑋\𝐴) ∪ 𝛽𝐶(𝑋\𝐵) = (𝑋\𝐴) ∪ (𝑋 −
𝐵). So 𝐴 ∩ 𝐵 ∈ 𝜏𝑔

∗∗. Thus 𝜏𝑔
∗∗ is topology.  
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