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Abstract - The family of hyperbolas represented by the non-homogeneous binary quadratic equation

w? — 622 + 2aw —12bz - 6b% =0 (a,b#0) is considered to obtain its non-zero distinct integer

solutions. A few fascinating relations among its solutions are exhibited. Construction of second order
Ramanujan numbers and Pythagorean triples are illustrated.
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INTRODUCTION
A binary quadratic equation of the form y* = Dx? +1, where D is non-square positive integer has been

studied by various mathematicians for its non-trivial integral solutions when D takes different integral
values [1-2]. For an extensive review of various problems, one may refer [3-17]. In this communication,

yet another interesting hyperbola given by w? —62° + 2aw —12bz — 6b? = Oiisconsidered and
infinitely many integer solutions are obtained. A few interesting properties among the solutions are
obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other
choices of hyperbola, parabola. Formulation of second order Ramanujan numbers and Pythagorean triples
are illustrated.

METHOD OF ANALYSIS
The family of hyperbolas under consideration is

w? — 622 + 2aw —12bz —6b% = 0 (@))
Where a and b are both non-zero integers.

The completion of squares on the lefts of (1) leads to the positive pell equation

Y? =6X2% +a? @)
Where

Y=w+a , X=z+b 3)

After performing some algebra, the general solution (Xn 1 Yq +1) to (2) is given by
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5a

206"
5a
Yni == fn +av6g,, n=-101,....

Xna=afp+

Where
fo=(G+2v6) "+ (6-216"
9y =(6+2v6)""" 528"

In view of (3), the general solution (Wn+l : zn+1) to (1) is obtained as

5a
Wn+l:Yn+1_a:?fn +a\/ggn —a

5ag_
26"

To know the nature of solutions, that is, whether the solutions to (1) are even or odd, one has to go for
their numerical values. For simplicity and clear understanding, a few numerical values to z and w
satisfying (1) are presented in Table 1 below:

Zpi =Xpp—b=af, + b, n=-101.....

Table 1: Numerical solutions

n Whi1 Zn+1
-1 4a 2a—b

0 48a 20a—b

1 484a 198a—b

2 4800a 1960a —b
3 47524a 19402a — b
4 470448a 192060a — b
5 4656964a 1901198a —b

Now, Table 2 below represents the nature of solutions:
Table 2: Nature of solutions
a b Wn41 Zn+1

even even even even

even odd even odd

odd even even even

odd odd even odd

From the above table, one may observe that the values of w are always even where as the values of z are
even or odd according as b is even or odd.

A few fascinating relations among the solutions are exhibited below:

2 .
(l) 2 Wy, is a perfect square
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(ii)wnys —10Wp, 0 + Wy =82, n=-101,...
(iii)zp3 1029 + 2.1 =8b, n=-101,.....
(iv)20wp, 1 —2W,,,» +18a =52, 5 — 4921 — 44b
(V)Zp3 — 972,41 —96b = 40w, .1 — 4w, » + 36a
Expressions representing nasty numbers:

o 6a(20Wyp 0 —2Wop 3 +20a)

o 30a(99Wyp,, 2 — Wy, 4 +108a)

o 63.(522n+3 _4922I’H—2 —44b + 28)

o 3a(zopia—97295.2 —96b+4a)
Expressions representing cubical integers:

1
. 2—a(23n+5 ~9723n,3+320,3— 2912 ,1 —384b)

1
. 5(20W3n+3 —2W3q 4 +60Wp 1 —BW p)+72

1
a
Let Z=Zy, W=Wg be any known solution to (1).
Then, each of the following values of z and w also satisfies (1).

z=49z7—-20wq —20a +48b

w =120z — 49w —50a +120b

z=5z5—-2wg—2a+4b

w =12z45 —5w —6a+12b

z=2wqy—5zp+2a-6Db

w =5wq 12z, +4a-12b
From the values of Wy, 1,241 , One may generate second order Ramanujan numbers.
Ilustration 1:

Leta=5,b=2
Now, zg=8=1%8=2%4 (*)
We write from the above relation (*)

(1+8)? +(4—2)? =(8—1)* +(2+4)?

=924+22-7% 462 =85
.. 85 is the second order Ramanujan number with base numbers, namely 9,2,7,6 as real integers.
Ilustration 2:
One may also write from (*)

B+i)?+(4-2i)> =(8=if +(4+2i)° =75
Here 75 is the second order Ramanujan number with base numbers, namely, 8+i, 4—2i, 8—i,
4+ 2i as Gaussian integers.
When a is a perfect square, from the value of wo,, n=-101....
one may generate Pythagorean triple.

(523044 —49234,3 +152,,,9 —1472,,1 —176h)
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llustration 3:
Let a= oc2
Then, wq :4oc2 :1>!<4oc2 =a*da =20 %20 = 20L2 * 2
0] Consider the relation
1%4a? = 20.% 20
We write

(1+ 4a2)2+(2a—2a)2 = (1—40L2)2 +(20c+ 2a)2

(1+4oc2)2 :(1—4a2)2+(4a)2 (1)
(i) Consider the relation
a*do=20*20

We write
(oc + 4oc)2 + (ZOL - 2a)2 = (OL - 40L)2 + (20L + 20L)2
= (50 =(~3a)? + (4ar)? (1)

(iii) Consider the relation

202 %2 =20 % 20,
We write

(202 + 2f + (20— 20 = (2a2 ~2f + (2 + 20
= (2a2 + 2)2 = (2a2 - 2)2 +(4a)? (n)

Note that (1), (I1) and (I11) represent Pythagorean triples.

CONCLUSION
As hyperbolas are rich in variety, one may consider other choices of hyperbolas for determining their
integer solutions with suitable properties.
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