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Introduction
In past times, a plenty of works have been done on various kinds of paranormed spaces. This
concept of paranorm is related to linear metric space and the study of this on special type of
spaces i.e. Sequence spaces was initiated by Maddox (1969) and then it is carried forward by
many more researchers.

Before proceeding towards main results, we will firstly recall some of the useful
notations and basic definitions.
Definition 1.1: A Vector space X having zero element « along with a function P:S - R™
(called a paranorm on S) then (X, P) is called a paranormed space if P satisfies the following
conditions:
Q) P(a) =0
(ii) P(s) = P(=s)
(iii) P(s; +53) < P(sq) + P(sy)
(iv) Scalar multiplication is continous i.e., if {y,} = ¥ as n— oo and {s,,} is a sequence of
vectors with P(s, —s) — 0 as n— oo, then P(y,, s, —ys) —» 0asn — oo,
If the function P satisfies an additional property i.e. if P(s) =0 = s =a, then the
paranorm is called total paranorm. (cf. Wilansky (1978)).
The study on paranormed sequence spaces was done by Feyzi Basar and Medine
Yesilkayagil(2019) [1-4] and many others and also studied various types of paranormed
sequence spaces and function spaces.
Definition 1.2: Let X be a linear space with Dim(X), > 1 over the field R(or C). A 2-Norm

on space X is real valued function |I.,. 1l on X x X satisfying the following conditions:

Q) lx,yll=0and |l x,y l= 0iff x and y are linearly dependent

(i) lx,yl=ly,xll Vx,yeX

(iii) Il Bx,y I=|B]| I x,y Il, where 8 € Kand x,y € X

(iv) Ilx+yzISlx,zIl+lyzl,forallx,y,zeX

Then the pair (X, II., . II) is called a 2-normed space.

A sequence {a,} in a linear 2-normed space X is said to be Cauchy sequence if ml;lrlloo [

a, —am,tI=0VteEX.
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The concept of 2-normed space was studied by Iseki (1976)[8], it is a generalization of
normed linear space.
Definition 1.3: The notation used to denote the set of bicomplex numbers is C, and the sets R
and C are denoted by C, , C;, respectively . the set of bicomplex no. is defined as
C, = {a; +ayi; +asi, + asiqiy: ag € Co,k =1,2,3,4} = {wy + i,w,:wy,wy, € Cy )
where i? = {2 = —1,iyi, = iyi;.

There exist only two non-trivial idempotent elements in the set of bicomplex numbers C,
1+, 1—iyip

denoted by I, and I, given as I; = — and I, = — - Notethat; + 1, = 1and I;.1, = 1.

The number ¢ = w; + i,w, can be uniquely expressed as a complex combination of I;and
L.

§=wy +iw, = I + %,
where ¢ = w, — iyw, and 2& = w, + i;w, . The coefficients involved in the representation
of & which are & and 2¢ are called idempotent components of & and &I, + 21, is known
as idempotent representation of bicomplex number ¢&.

The collection of components of the elements of space is denoted by A; and A, defined as
follows:
A ={'%:¢ €} and A, ={%:¢ € Cy}
Both the spaces are known as auxiliary complex spaces.
The norm in C, is defined as follows:

|1 |2+|2 |2
lell = Ve ¥ ad T+ = i P+ wp? = LSRR (1.1)

The inequality defined for the norm of product of two numbers of the space is given by :

IExnll < V2 ENlnl

The inequality given above is best possible relation. For this reason we call C, as modified
complex Banach algebra.
Throughout the paper, the w,, ¢y, c denote the space of all the bicomplex sequences, null
sequences, convergent sequences and t, = {s; *}. (For details cf. Mursaleen [5]).
Definition 1.4: The function M defined as M': [0, ) — [0, ) is said to be orlicz function if
it satisfies the following conditions:

(@) M is continuous.

(b) M is non-decreasing function satisfying M'(0) =0, M (x) > 0forx > 0.

C© MUAx+ (A —-Dy) < AM(x)+ (1 —-21)M(y) for A € (0,1);
and if the condition of convexity is replaced by M (x +y) < M (x) + M (y); then the
Orlicz function M is called Modulus function.
Definition 1.5: Let us now introduce a new concept of difference sequence spaces

B(am) ={x = (x) € w: (a5 x,) € B}

where A" x =A" (x,) = (A% 1 x, —A% 1 x,) and A% x, =x,, VK€ N, which is
given by binomial expansion as:

n
n
A% Xk = Z(_l)v (U) Xk+mv
v=0

For more details of difference sequence space refer to book by M.Et. and Colak [4].
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2. Paranormed C,-Sequence Spaces
In this section we give some result on the linearity, completeness of the paranormed
difference C, sequence space.
Let us define a double norm on C, space:
&0l =1 'Ses + 2Se;  mes+ Pney || = 11620 — 281 7]
By using Orlicz function M, we define sequence spaces on the bicomplex space as follows:

L(Co NI, LAY, s, M) = {{Ek} € wy: i [J\/[ (W)]Sk <o,K>0Vte Cz}
k=1

Lemma 2.1: The function ||., .|| defined as:

O AT @O N
K>0: ;[M(—)] Sl,VtECZ}

,t = inf
||fk ||]v[ 1n K

isanormon 2(Cy, .. II,A%, s, M).

Theorem 2.1. The space £(Cy, Il.,.ll,A, s, M) is a banach space in the norm |I.,. I, .
Remark 2.1: We know that (Cs, II., . Il) is a normed space by the norm |l.,. || defined in (1.1).
Let M be an Orlicz functions. We define the following Orlicz C,-sequence spaces for all t €
Cy:

C AL (&)t INT
£(Co ., I, AT, 5,M0) = {{sk} €wy: ) [M (wn <0, K >0
ko=01
AR — Lt INT*
c(Coll., N, AR s, M) = {{é‘k} € wy: Z [M (" = (5"13 ")] - 0,L €CypK>0
kiol
A (&)t INT
co(Carll., 1, AT, 5, M) = {{Ek} € w,: Z [M (W)] S5 0,K >0
k=1
AT ,t INT*F
£°(Cy, II., . ll, AT, 5, M) = {{fk} € w,:sup [M (”’"(KM)] < 0, K > o}
K
Proposition 2.1. Any C,- sequence {n;} belongs to X(C,, I.,.ll,A%, s, M) if and only if
('} € S(AL N, I, AT, s, M) and {1y} € S(Ay, ., . 1I, AT, s, M), where
S=4.ccyand £%.
Theorem 2.2. The set £ (Cy, Il.,. I, A%, s, M) is linear space over C; for any sequence s =
{Sk} S R+.
Proof : Let {§,} and {n,} be the two sequences of the space £°(Cy, Il.,. Il,A%,, s, M) .then let

us suppose 3 K; > 0, K, > 0 such that
la% ,t INTF
sup [M (ﬂ)] < oo and sup [JV[(
K K, K
Let us consider B,y € C;, K = max{2|8|K;, 2|y|K,}. So that

A% (mi), t Il)]s"
— k)| =°
2

A + t Sk
sup [M (” m (BSk + vmi) |I>]
k K

S

= sup | M ” (ﬁA?nfk-l_yA;lnnk)'t" k

kp K
An , t Sk An ) t Sk
< K'sup [M (M)] + K sup l]\/[ <M>l < o0
k Ky k K,
Therefore {£5, + i} € £7(Co, Il., - I, A, 5, M). Hence, £7(Co, I, A, 5, M) is @ linear

space over C;.
Theorem 2.3. For every sequence s = {s,} of strictly positive real numbers, the sets £(C,, |l
ol AR, s, M), c(Cy, I, LAY, 5, M) and ¢y (Cy, I, . AT, s, M) are linear spaces over C;.
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Theorem 2.4. The space £°(Cy, Il.,.Il,A%;, s, M) is paranormed by
p() =l 1y, t || +inf K/P = sup M — | G < 1LK>0

where P = max{1, sup si}.

Proof: For the null C, -sequence 8, q(6;) = 0 and M 1Am G0 _ 0 forany K > 0.
K
Therefore, p(6) = 0.
Also, p(—=n) = p(),V 1 € 1%(Cy, II., . I, AT, 5, M).
Now, letn, & € £°(Cy, ., . I, A%, s, M). Then there exist K;, K, > 0 such that
AT ,t 1 Al ,t 1
M(—” m () ") (xg)k < 1 and M(—" m (Si) ") () <1
K K,
Suppose K = K; + K, . Then
Al + &), t S
K K,
Ky Iam (i), t =\ , K2 lam (e, t —
< — - s ] - s
< % Sup {M < X Co)e p + 2 sup M e ()%
<1
Also,
p(§+n) =

K

Sk =S
Il & +nq,t 1l + inf{K?:sup lM( )(xk)skl <1,K>0VtecC,}
K

Sk

Sk n 1
<l 7yt +inf{K1P : sup {]V[ (%’Z")t") (xk)sk} < 1}

> IR (EDAT o
&t + inf{sz : sup {M (%) (xk)sk} <1 } <p(&) +p@)
Let @ € Cy. Then

Sk Ay St L
p(an) = |lany, t|| + inf{K 7 : sup {M <%> (xk)sk} <1,K>0,VteC,}
. *k su Ay, (), t i L
< Vallalliny, tll + infClall#)?: P {M (% (el < 1,1 > 0)

where H = K\|l a |II.
Theorem 2.5. £°(Cy, II., . A%, s, M) is a complete paranormed space for s € £°(C,).
Proof. Let {ny'} be a Cauchy sequence in £°(Cy, Il.,.ll,A%, s, M). Then foralln € N,

p(ni =) > 0asi,j > .
Let for the given € > 0, there exista H > 0 and some x > 0 such that xiH > 0and
H

sup,(sp)m < M (x?)
Now for p(n%, — n,{;) — 0as i,j — oo, there exists some k, € N such that

. : €

i J P

- — ,Vi,j = kyVneN.
P =) <27 Y ij 2 ko V7

Therefore,
. , sn noi_n.Jj 1
[Zmstnl — matal, e + inf{Kp : sup {M (M) (xk)Sk} <1,K> O,} <=
m-—1 m-—1
r T’ xH
r=1 r=1
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sn A nt —a% nl,t | 1
inf{KP:sup{M( o K’”"" ()% <1,K>0,VtEC,p <€
(2.1)

This implies that {A7, nt} is a Cauchy sequence in C,. Since C, is a modified Banach algebra,
then {n}} converges in C, . Let

m-1 m-1
lim Tlﬁ = Z Ny
n—>o0o
r=1 r=1
Thus
”rlnr rlnr;t <£ aSi—>00,VtEC2.

Now from equation (2.1), we have

an
M(”Am Mk Amjnk,t ||> (/s < 1
p(nk. —ny.)

This implies that

_An o
M (”Am Mk Amjnk'dl) < (p )Vt < M (xH)
p(mi =) 2
Therefore,
n Jj €
A% 7k —ammi ]| < 2
Therefore, {aZ, nk} is a Cauchy sequence in C, , for all k € N. Hence, {aZ, n,lc} converges in
C, . Suppose hm(Am nk) =AM &, Yk €N. Thus, lim AT, NS =A% & —A% n; and in

general, we have llmAm Nty =A% & —AL .,V k E N. Hence, by the continuity of the
Orlicz function ]V[ we have

1A%, nt =A% nl ¢ El
JlLr?oSl,lcp{M< - Kmnk (e )k <1,

1A% ni —AT ) ¢ 1
sup {M( B e m Tk ) (xk)sk} <1
k

Let i > k, and by taking infimum for the values of K > 0, we obtain

p(nt —n) < e So,{n' —n} € £2(Cy II.,.IL,A%, s, M). Hence, n € £°(Cy, ., . IL,A%, 5, M).
Therefore, £ (Cy, II.,. A%, s, M) is complete.

Corollary 2.1: £%°(C,, II.,.Il,A}, s, M) is a Banach space for s € £°(C,).

Theorem 2.6: £(Cy, II.,.I1,AN,, s, M), c(Cy, II., . A%, s, M) and co(Cy, II.,. I, AN, s,M) are
Banach spaces

This implies that
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